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Abstract
A proliferating epithelium is a sheet of dividing cells that adhere to each other strongly. Under-

standing how these sheets divide is important both for development and for disease. The regulation
of cell division is one of the key mechanisms that drive the development of living organisms. Ab-
normal divisions lead to cancer, of which most are epithelial in origin. Despite their importance,
the specific local mechanisms that direct division in epithelia remain poorly understood. Several
important questions arise: How does the local regulation of cleavage affect the global topology
of proliferating epithelia? Conversely, can we infer properties of local cleavage by observing the
global tissue architecture?

My research attempts to answer these question and others by focusing on cell shape, defined
here as a cell’s number of neighbors. In this thesis, I propose a topological framework that yields
new insights into the underlying mechanisms that govern cell shape dynamics in proliferating
epithelia. Specifically, I formulate three distinct topological models, each of increasing complexity
and detail. Using these models, I make several predictions, the most important of which has led to
the discovery of a conserved distribution of cell shape in at least five disparate organisms. I also
explain previously elusive phenomena, such as the problem of hexagonal dominance: Why are
there so many hexagons in epithelia? I show that majority of hexagons seen empirically is a natural
result of symmetric, charitable divisions, providing an answer to an old question.

Using more general simulation studies, I find that cleavage patterns generate signature distri-
butions of cell shape that depend heavily on pattern of proliferation but are independent of initial
conditions. These signatures enable the inference of local cleavage parameters such as neighbor
impact, maternal influence, and division symmetry from simple observations of the distribution of
cell shape. Applying these insights to the natural epithelia of five diverse organisms, I find that
strong division symmetry and moderate neighbor/maternal influence are required to reproduce the
predominance of hexagonal cells and low variability in cell shape seen empirically. And lastly, I
present two distinct cleavage patterns that can reproduce the empirically observed distributions of
cell shape with high accuracy. Together, my work strongly suggests that cell division planes are
not chosen at random, but are instead actively regulated to suppress variation in cell shape within
a proliferating epithelium.
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Chapter 1

Introduction

The complexities of constructing and maintaining a living organism are astounding. Starting with

a single cell and ending with trillions, a genetically driven program of cellular growth, division and

differentiation directs the development of the most complex machine on Earth. An essential part of

proper development is the spatial and temporal regulation of cell division, or proliferation. Prolifer-

ating cells must make informed decisions about whether, when, and how to divide. Mutations or

other defects may lead to abnormal or uncontrolled proliferation, the looming precursors of cancer.

Locality plays a central constraining role during proliferation. Proliferating cells lack a global

view of the developing organism, and oftentimes must rely solely on local sensing and communi-

cation with neighboring cells to make the decisions that eventually lead to the desired global order.

These local decisions, amplified by the entire population of cells, have global impact. Develop-

mental biology, the science and study of development, is thus deeply concerned with how local

information is created, propagated and manipulated to successfully assemble and maintain a living

organism. Given the vital importance of a developing cell’s decision to divide, it is natural to ask:

• How does a cell use local information to make decisions about division?

• How does a cell’s local divisions control global tissue architecture?

• Can we infer important local properties of division from global observations?

Much of our knowledge of how cells proliferate to form tissue comes from the study of proliferat-

ing epithelia, 2D planar sheets of strongly adhering cells in which division is restricted to within the

plane of the sheet. A prominent example, shown in Fig. 1.1A, is the Drosophila wing disc, a patch of

1



CHAPTER 1. INTRODUCTION 2

∼ 20 cells that via 12 rounds of division and 4 days of development yields ∼50,000 cells. These cells

form a heterogeneous polygonal lattice (Fig. 1.1B), dominated by hexagons, but with significant

numbers of cells with four to nine sides (but no 3- or 10-sided cells). Adding to our earlier list of

general questions, we can now ask more specific ones:

• Why are there so many hexagonal cells?

• Why are there no cells with three sides or higher than nine sides?

• Is there any developmental significance to these observations?

• How do distributions of cell shape vary across different developing organisms? Are they

conserved? Or does each organism have its own unique distribution?

To answer these questions and others, mathematicians and physicists have developed a mul-

titude of mathematical and computational models [32, 18, 19, 21, 20] since the early 20th century.

Of these, an important class is topological models, where an epithelium is represented as a planar

network (Figure 1.1D). These topological models will be the focus of our study.

1.1 The Need for Topological Models

The topology of an epithelium is mathematically defined as the network of connectivity between

cells (Fig. 1.1D). The most important topological properties in this thesis are a cell’s polygonal shape

— defined as its number of neighbors — and the overall distribution of cell shapes in an epithelium.

Topological models only keep track of the connectivity between cells, ignoring cell perimeters,

areas, and internal angles. Important developmental processes such as cell division, migration, and

intercalation are modeled topologically by breaking connections between cells and creating new

ones.

Mechanical models are the most common alternative to topological models. They keep track of

the full geometry of the epithelium, modeling cell areas, angles and perimeters. Biomechanical and

material properties can also be modeled, including surface tension, bulk modulus, and stress-strain

relationships. Mechanical models naturally subsume topological models, since any topological

information can be extracted easily from the geometry.

But then why should we use a topological model over a richer and more expressive mechan-

ical model? The main reason is simplicity: topological models have fewer parameters to specify.
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Mechanical models usually have many more parameters and many of these are either unknown

or difficult to measure. Like neural networks with too many synapses, their complexity makes it

difficult to gain any insight into the underlying principles and mechanisms that control division.

The first and most important question to answer is: Can sparse topological representations provide new

insights into mechanisms of proliferation? The answer, as I will show in this thesis, is yes.

1.2 Thesis statement

In this thesis, I develop a new topological framework for understanding proliferating epithelia,

using empirical observations from several developing organisms as constraints. I claim that the

framework and its accompanying fundamental notions yield new insights into underlying division

mechanisms beyond those of previous approaches.

Using this framework, I develop three models of proliferation, each with different levels of

structure imposed on how cells proliferate. The first model is graph-theoretic and imposes no

structure on how cells choose cleavage planes. I use it to prove several results that hold true for all

proliferating epithelia. In the second model, I impose further structure on the proliferation patterns,

based on empirical observations of proliferation in the Drosophila wing disc. Furthermore, I make a

Markov approximation that renders the model mathematically tractable. This Markov model (Fig.

1.1E) predicts the existence of an equilibrium distribution of cell shapes that was subsequently con-

firmed empirically in the fruitfly Drosophila melanogaster and in several other organisms (Fig. 1.1F).

Furthermore, the distribution is conserved across a diverse array of multicellular organisms. The

third model imposes even more structure on how cells proliferate, and allows for the generation-

by-generation simulation of the entire epithelium. This results in a more detailed characterization

of a larger class of biologically relevant proliferation patterns. I compare the shape distributions

generated by simulations to empirical data and to other relevant models in the literature. In par-

ticular, I find two local division patterns that are able to reproduce the cell shape distributions seen

empirically in five diverse organisms. Lastly, I lay the theoretical foundations and outline a proof

for showing that a large class of local division schemes will converge to an equilibrium shape dis-

tribution, irrespective of initial conditions. Broadly speaking, I show that a topological representation

is a natural framework for understanding and inferring local properties of division in proliferating epithelia.
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Figure 1.1: Topological modeling of and empirical data for proliferating epithelia. (A) Image of a larval
stage wing disc epithelium from the fruitflyDrosophila melanogaster. Each cell is labeled by its polygonal shape
(i.e. number of neighbors). (B) Polygonal lattice approximation of (A). Color encodes polygonal shape. (C)
Distribution of cell shape in epithelia from five diverse organisms: fruitfly (Drosophila), tadpole (Xenopus),
hydra (Hydra), flower (Anagallis), and cucumber (Cucumis). (D) Underlying topology of polygonal lattice in
previous figure. Topological models for a proliferating epithelium will be the subject of Chapter 2. (E) Markov
model used in Chapter 3 to model dynamics of cell shape during proliferation. (F) Simulation of a division
rule starting with a single hexagon in Chapter 4. Color encodes number of neighbors.
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1.3 Specific contributions

My contributions fall into one of three categories and are described in detail below:

Conceptual Contributions: These are fundamental new notions, ideas, and relationships that are

important for understanding proliferating epithelia.

• Equilibrium cell shape distribution. I show that the distribution of polygonal cell shapes

is a robust and useful observable for characterizing and inferring the local properties of

proliferation patterns. In short, shape distributions serve as statistical signatures, revealing

information about the proliferation patterns that generate them.

• Introducing the natural notions of symmetry and charitability. I introduce two new local

properties of division, symmetry and charitability, that are natural for understanding prolifer-

ation. (A)symmetry refers to the tendency for a cell to distribute its edges to its two daughter

cells (un)equally. Charitability refers to the tendency for a cell to preferentially divide in the

direction of smaller neighboring cells, in effect “donating” sides to “poorer” neighbors.

• Characterizing proliferation patterns by cell shape variability. I show how symmetric,

charitable proliferation patterns generate epithelia with large numbers of hexagons and low

shape variability. For asymmetric, uncharitable division schemes, the opposite is true. Thus,

proliferation patterns are well-characterized by the fraction of hexagons they generate and

by where they lie in the spectrum of cell shape variability. These insights pave the way for

inferring properties of local division in natural epithelia.

Technical Contributions: These are new proofs, techniques, and analytical tools that were devel-

oped for this thesis.

• A new Markov approximation for cell shape dynamics. I show how to approximate the

shape dynamics of a proliferating epithelium with a new type of discrete-time Markov chain.

The states of the Markov model correspond to the r-hop neighborhoods of each cell, for some

fixed positive integer r. Such models naturally account for the complex neighbor-dependence

(e.g. charitability) that is so common in proliferating epithelial cells.

• An analytical form for the Markov model’s equilibrium distribution. Using generating

functions, I derive an analytical form the conserved shape distribution modeled by the Markov
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approximation. I find a representation of the distribution as the sum of independent (but not

identically distributed) Bernoulli random variables. The distribution has connections with

number theory and the theory of digital search trees.

Empirical Contributions: These are insights and techniques that shed light on unexplained phe-

nomena and help infer local properties of proliferation patterns in several developing organisms.

• Conserved distribution of cell shape in five diverse organisms. We empirically confirm a

prediction from our Markov model, finding that the epithelia of five diverse organisms have

nearly identical distributions of cell shape.

• Explaining the predominance of hexagons. I mathematically show how and why epithelial

sheets are dominated by hexagons, a longstanding observation that until now had evaded

a clear explanation. Specifically, we show that hexagonal dominance is a direct result of

highly symmetric and charitable division patterns and is strongly correlated with low shape

variability. Surprisingly, hexagonal dominance has nothing to do with optimal packing or cell

rearrangement and everything to do with cell proliferation.

• Inferring local properties of cell division from global observations of cell shape. Using

empirical shape data from the epithelia of five diverse organisms, I infer that proliferating

epithelia do not divide at random; in fact, division is highly symmetric and charitable. I present

two simple division rules that are able to reproduce with high accuracy the shape distributions

seen in the proliferating epithelia of five diverse organisms. One is an orthogonal regulation

strategy that consists of successively perpendicular cleavage planes while the other finds the

smallest neighbor (in shape) and divides in its direction. Furthermore, these two schemes

represent a tradeoff between symmetric and charitable division patterns, suggesting that there

may yet be other division schemes that reproduce the distributions seen empirically.

• Potential applications and broader impact. Our modeling framework can be used to test a

variety of hypotheses regarding proliferation patterns including the effects of mutations and

differential rates of proliferation. We also have algorithms for efficiently generating random

biologically relevant lattices, providing researchers an alternative to the common practice of

assuming regular hexagonal lattices in their models.
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1.4 Background and Related work

1.4.1 Proliferating epithelia

Epithelia. An epithelium is a tissue composed of layers of epithelial cells that line the cavities and

surfaces of structures throughout the body. Some examples of epithelia include skin, the stomach,

and the small and large intestines. A proliferating epithelium is a single-layer epithelium in which

cells are dividing. For the purposes of this thesis, we shall only consider 2D proliferating epithelia,

where cells are restricted to division within the plane of the epithelium (Figure 1.1).

The Drosophila wing disc epithelium. The organization of cells into epithelial sheets is a fun-

damental feature of animal design. A prominent example of an epithelium is the wing imaginal

disc of the fruitfly Drosophila melanogaster. Starting as a patch of roughly 20 cells, the wing disc

comprises ∼50,000 cells after approximately 4 days of larval development, and eventually forms

into the wing of the fruitfly [6, 24, 7]. It is a heterogeneous lattice dominated by hexagons, but

also featuring significant numbers of four- to nine-sided cells (Fig. 1.1A-B). The mechanisms that

determine the epithelial topology in Drosophila and in other organisms remains poorly understood.

We will further explore this system and others in Chapters 3 through 5.

1.4.2 Previous models

Topological models have been useful both experimentally and theoretically in understanding pro-

liferating epithelia [16, 17, 22] and other non-biological lattices [21, 23]. As early as the 1920s,

F.T. Lewis documented the connection between cell proliferation and tissue topology, arguing that

spatial control of cell divisions could affect the overall distribution of polygonal cell shapes [18, 19].

Since that time, the relationships between cell shape, proliferation and epithelial topology have been

further investigated using both topological models [20, 21, 23, 4] and mechanical models [28, 29, 30],

exploring a wide variety of phenomenon including differential rates of division, adhesion forces,

and stochastic divisions.

But despite much experimental and theoretical progress, previous models have limitations that

make it difficult to understand how global tissue topology emerges from specific local mechanisms.

One of the first questions that defied explanation was: Why are there so many hexagons in epithelial
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sheets? Early researchers were mostly concerned with answering this deceptively simple ques-

tion. Many believed that hexagons were the natural result of optimal packing, like pennies pushed

together on a tabletop or the construction of honeycombs. Others like F.T. Lewis and his mathemati-

cian colleague W.C. Graustein disagreed with the packing theory and pointed to proliferation as

the key. While working with Lewis in the late 1920s, Graustein used Euler’s Topological Theorem

(V − E + F = 1) to prove that the mean number of sides in a very large planar epithelium must

approach six [5]. Though promising, this knowledge of the mean shape said nothing about the mode

and so the predominance of hexagons still remained unexplained. Abbot and Lindenmayer set out

to solve this problem by devising clever division schemes that could generate many hexagons [4].

These simple rules, based on graph grammars, made it possible for an array of purely hexagonal

cells to remain purely hexagonal, even after a full generation of divisions. Though their work pro-

vided valuable hints for explaining hexagonal dominance, it still did not address the variability in

the overall distribution of shapes seen empirically. After all, natural epithelia were not honeycombs;

they contained significant numbers of pentagons and heptagons.

The first attempts at explaining this diversity of cell shapes came from the mathematicians V.

Morris and R. Cowan. They were the first to model the shape of a cell as a stochastic process. Their

Markov chain models allowed them to compute equilibrium shape distributions for a large class of

topological division rules [23]. Unfortunately, their work had a major limitation: sides gained from

neighboring divisions were not taken into account. And so their models could not be used to study

modes of cell division with any spatial or temporal dependence, both of which are biologically

relevant [27]. After over sixty years of research, it was becoming increasingly clear that developing

better models required understanding and accounting for how a cell’s neighborhood and lineage

affect its choice of cleavage plane. And yet such dependencies rendered most theoretical models

analytically intractable.

The rise of faster computers in the late 20th century made it possible to capture some of this

complexity. For the first time, detailed simulations of both topological and mechanical models could

follow the development of an epithelium for many generations, testing all kinds of hypotheses

about how cells divide. Dubertret et al [21] proposed a topological model featuring differential

shape-dependent rates of division that was able to reproduce some of the topological distributions

seen naturally. However, their models required a large number of tunable parameters, making

it difficult to gain any insight into underlying mechanisms. More recently, Farhadifar et al [29]
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proposed a mechanical model that accounts for cell elasticity and for junctional forces arising from

cortical contractility and adhesion. They were able to reproduce empirically observed geometric

relationships but not topological ones: their simulations generated significantly fewer hexagons

and more pentagons than seen empirically.

Previous models faced many difficulties: simplifying approximations that ignored important

dependencies and a multitude of unknown, hard-to-measure parameters. To address these limi-

tations, in this thesis we will develop several new topological models, each possessing different

levels of expressive power. Armed with these models, we will shed light on some of the most

fundamental questions regarding the local-to-global regulation of cell shape.

1.5 Results and structure of this thesis

Chapter 2 — Topological Model of Proliferating epithelium. This chapter first introduces the basic

definitions and model assumptions for modeling proliferating epithelia. Then, it proves several

theoretical results that apply to all division schemes. For example, ignoring boundary effects, a

proliferating epithelium will always converge to a mean shape of hexagons at an exponential rate.

Chapter 3 — The Markov Approximation. We will model the dynamics of cell shape (i.e. its

number of neighbors) as a Markov process, guaranteeing the existence of an equilibrium shape

distribution. We also explore how sensitive the models are to errors in interface formation.

Chapter 4 — Modeling General Cleavage Patterns. To model a larger class of division models, we

simulate a proliferating epithelium as a 2D planar lattice of cells. We introduce two natural notions

for a division scheme: symmetry and charitability. We show that symmetric charitable cleavage

patterns generate epithelia with a large fraction of hexagons while suppressing variation in cell

shape.

Chapter 5 — Comparison to Empirical Data. We compare the shape distributions generated by

our simulated models to those seen in five diverse organisms’ epithelia. We find, surprisingly, that

natural epithelia have a high frequency of hexagons and low variance, consistent with symmet-

ric, charitable cleavage patterns. This strongly suggests that cells in proliferating epithelia do not

divide randomly, but instead are actively regulated so as to minimize cell shape variability in the
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epithelium.

Chapter 6 — Comparison to Other Relevant Models. This chapter puts our results in context with

those of the many other relevant models for proliferating epithelia.



Chapter 2

A Topological Framework for a

Proliferating Epithelium

This chapter proposes a topological model for 2D proliferating epithelia, the foundation of our

study, and proves several results that apply to all cleavage patterns. It is organized as follows:

Section 2.1 — Why Topology? We make the case for why a topological representation is natural

for a proliferating epithelium.

Section 2.2 — The Topological Framework. We propose the topological framework and outline all

of its underlying assumptions, at the level of the epithelium and the cell. The heart of our model is

the Cleavage Plane Regulation Model, or CPM. It determines how a cell chooses its cleavage plane.

The process can be stochastic or deterministic and must satisfy certain properties to be a proper

CPM. Examples of CPMs will be given in Chapter 4.

Section 2.3 — Basic Theoretical Results. We prove several results that apply to all cleavage patterns.

In particular, we will show why epithelial cells are predominantly hexagons and how it might be

possible for an epithelium to converge quickly to an equilibrium distribution of shapes.

Section 2.4 — Related Work. We review related work and put our new theoretical results into

context.

11
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2.1 Why Topology?

The topology of an epithelial cell sheet can be described mathematically as a planar network of

trivalent vertices, edges, and faces. The vertices represent tricellular junctions, the edges represent

cell sides, and the faces represent the cells themselves (Fig. 1.1A). This planar network captures

the connectivity between cells, but ignores geometric properties such as area, perimeter or interior

angles. In our work, we are primarily interested in a cell’s topological shape, which is defined as

its number of sides, or equivalently, its number of neighbors in the planar network. Cell division

events within the network locally alter the topology of the planar graph by adding new vertices,

edges, and faces; multiple rounds of proliferation can thus significantly alter global tissue topology.

By representing cell proliferation as a computation on an epithelial network, one can simulate

many different cell division strategies and study the emergence of global properties such as the

distribution of topological cell shape.

A topological representation for an epithelium offers several advantages:

• It is invariant to small perturbations and ”morphological noise”.

• It is sensitive to important morphological changes such as cell division or rearrangement.

• It allows us to abstract away any unknown geometrical and mechanical parameters (e.g.

Young’s Modulus)

• It is simple, allowing us to easily characterize its morphogenetic potential and pinpoint the

necessary conditions for reproducing the observed patterns in nature.

However, there are also several disadvantages to a topological representation:

• It loses all information about geometry, including angles, areas, and side lengths.

• It may be difficult to gain any insight into the underlying biophysical and biochemical mech-

anisms at work in the epithelium.

In our study, we hope to show that the benefits far outweigh the disadvantages.
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2.2 The Topological Framework

We define the set of key assumptions that define our proliferation model 1. First, we list the

epithelium-level assumptions:

Epithelium-level Assumptions

(i) Epithelial topology is adequately represented by a planar graph of trivalent vertices (junc-

tions), edges (cell sides), and faces (cells). Positions, lengths, areas, angles, and sizes —

collectively known as geometry — are largely irrelevant. Any relevant geometrical assump-

tions can be accurately modeled through appropriate topological assumptions.

(ii) Epithelial topology is established by a local dynamic process in which each cell chooses a

cleavage plane (CP) according to its cleavage plane model (CPM). Every cell possesses the same

CPM and cannot change it at any time.

(iii) Each cell divides exactly once per division cycle and the order in which cells divide — the

division sequence — is chosen uniformly at random from all possible sequences.

(iv) All junctions are trivalent. Quadvalent (and higher order) junctions are empirically rare and

unstable: a small displacement results in two trivalent junctions and so we assume their

numbers are negligible.

These assumptions form the foundation for the topological model of an epithelium. Next, we list

the cell-level assumptions, which are encapsulated in the concept of a cleavage plane regulation model,

or CPM. The CPM is the heart of our model and it prescribes how each dividing (mitotic) cell in an

epithelium selects its cleavage plane (CP) as a function of local topological information.

Cell-level Assumptions

(v) A CPM can use only local topological information as input in deciding a CP. This includes

information that is local in time (lineage) and in space (neighborhood).

(vi) A CPM can be deterministic or stochastic.

1Based on experimental observations of the Drosophila wing disc and other proliferating epithelia in Chapter 3 and in our
recent work [20]
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(vii) The output of a CPM is a CP, represented as a set of two non-adjacent cell sides. Thus, a CP

always cuts two edges of a cell, and never any vertices.

(viii) Once a cleavage plane is chosen, a cell divides into two daughter cells by the introduction of

two new trivalent junctions, one per edge of the cleavage plane. Hence daughter cells always

share a side.

(ix) After a cell divides, the two neighboring cells adjacent to a cell’s CP each gain one side.

Figure 3.4 illustrates how a CPM is executed: a cell chooses a CP and divides by connecting those

two edges. Recall that no geometric information is retained. Intuitively, a cell loses sides upon

division (on average) and gains sides when a neighboring cell divides (Figure 3.4).

CPM

Figure 2.1: Illustrating a cleavage plane regulation model (CPM). Each cell’s CPM governs how it divides.
In this example, the CPM of the hexagonal cell specifies that it can divide in one of two ways. In general,
irrespective of the CPM, cells lose sides upon division (e.g. the average of two daughter cells is 5 < 6) and gain
sides from neighboring divisions (e.g. the heptagonal cells in orange both gained sides). Each division adds
two new junctions and three new edges to the epithelium.
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2.3 Basic Theoretical results

Given the topological framework of the previous section, we can derive some basic theoretical

results that are CPM-independent, in other words, that hold for all division patterns.

2.3.1 Convergence to Hexagonal Mean

Using the topological model, a proliferating epithelium can be formulated as a two-dimensional

planar network (graph). In topological terms, each tricellular junction is a vertex, each cell side is an

undirected edge, and each apical cell surface is a polygonal face. Let vt, et and ft denote the number

of vertices, edges and faces in the network (epithelium) after t divisions. If we assume that cells

divide at a uniform rate, then the number of faces (cells) will double after each round of division.

Thus,

ft = 2 ft−1.

Furthermore, because each cell division results in creation of two vertices and three edges (Fig. 3.4),

the number of vertices at time t is

vt = vt−1 + 2 ft−1

and the number of edges is

et = et−1 + 3 ft−1.

Because boundary effects become negligible for large t (see 4.3.4), we can approximate the average

number of sides per cell, s, at division t:

st ≡
2et

ft
=

3(et−1 + 3 ft−1)
2 ft−1

=
st−1

2
+ 3.

We can solve this linear recurrence system for the state of the epithelial network as a function of the

initial network at time t = 0:

st = 6 +
(1

2

)t

(s0 − 6). (2.1)

Equation (2.1) shows that the average number of cell sides exponentially approaches six, consistent

with Eulers theorem. Importantly, this behavior is independent of how cleavage planes are chosen, and is

instead a result of the formation of tricellular junctions. However, this result alone does not imply a
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predominance of hexagons, since a mean of six does not necessitate a prevalence (or even existence)

of hexagons. Thus, a higher fidelity model is required. Such a model is formulated in Chapter 3.

2.3.2 The role of boundary effects

Previously, we ignored boundary effects to prove that the mean shape converges to 6, independently

of how cells divide. But equation (2.1) is only an upper bound for st since it double counts edges on

the boundary of the epithelium. If we correctly account for boundary edges, then the exact equation

for st is:

st =
(2et − eb

t )
ft

(2.2)

= 6 + 2−t(s0 − 6) −
eb

t

ft
(2.3)

where eb
t is the number of boundary edges and ft is the number of cells (faces) at generation

t. This basically is the same as equation (2.1) but corrects for the over counted edges. In a

2D epithelium comprised of similarly-sized cells, the number of boundary edges approximately

measures the perimeter and the number of cells approximately measures area. Since the perimeter

of a isotropically expanding region grows in proportion to its diameter and its area grows in

proportion to its diameter squared, we have

eb
t ∼ O(r) (2.4)

ft ∼ O(r2) (2.5)

where r is the radius of the epithelium (in cells). The third term in equation (2.3) is therefore

O( 1
r ) and this approaches zero as t gets large and the epithelium gets large. This implies that the

average number of neighbors per cell will approach six from below. In fact, the convergence rate is

exponential since

ft = O(2t) (2.6)

eb
t ∼ O(

√
ft). (2.7)
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Note that this would not be true for a strip of cells that proliferate in a single direction since then

eb
t ∼ O( ft). Thus, the original approximate formula for st in equation (2.1) is still asymptotically correct.

For a roughly circular region of 200 cells, the difference between equations (2.1) and (2.3) is less

than 4% and for 30,000 cells it is less than 0.4%. Therefore equation (2.1) is a good approximation

for the sizes of epithelial regions we sample, and a very good approximation for the imaginal disc

itself, which eventually has over 30,000 cells.

An important aspect of this analysis is that it is independent of cleavage plane orientation,

and is instead a deeper implication of the formation of mostly tricellular junctions (vertices of

degree 3). Notice however that this result by itself is not sufficient to explain the predominance of

hexagons or even their existence. For example, a planar graph with equal numbers of octagons and

quadrilaterals has only tricellular junctions and an average of six neighbors, but no hexagons.

2.3.3 Rate of Convergence

From the previous sections, we know that the rate of convergence to the steady state mean of 6

is governed by an eigenvalue of λ = 1
2 . This implies that, after each generation of divisions, the

distance between the current mean and the steady state mean (of 6) will be halved. Among other

things, this might explain how and why an epithelium can converge to an equilibrium distribution

with as few as 12 divisions. This possibility will be addressed in further detail in the next chapter,

where we try to apply our modeling framework to understanding natural epithelia.

2.4 Related Work: What’s new here?

At this point, some historical perspective is required. Euler’s Theorem is:

V − E + F = 2

where V, E, and F are the number of vertices, edges and faces of a planar network (graph). Euler

first discovered this theorem in 1750, though it was not proven until later in 1794 by Legendre.

Using Euler’s theorem, the mathematician W.C. Graustein first showed in 1931 [5] that the mean

number of sides per face in a planar network with only tricellular junctions approaches six as the

size of the network grows large.

This result is also implied by our results in this chapter. Interestingly, Graustein was working
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with the Harvard Medical School biologist F.T. Lewis at the time. They were interested precisely in

the dominance of hexagonal cells in cucumber epidermis and other epithelia.

Our main contributions in this chapter — the linear recurrence for cell shape dynamics and the

derivation of the convergence rate — build upon their work by adding a new dynamical systems

perspective. This allows us to model proliferation generation by generation instead of relying on

static asymptotics. And, most importantly, the dynamical perspective suggests to us that the results

of this chapter may generalize, that we should ask whether higher moments of the shape distribution

beyond the mean might also converge. Indeed, we will find that this simple idea will lead us to

fruitful new ways of thinking about proliferating epithelia in the chapters to come.



Chapter 3

The Markov Approximation

The most important theoretical result of the last chapter was that, under some weak assumptions, cell

shape distributions in all proliferating epithelia are invariably driven towards a hexagonal mean. This result

is essentially a dynamical version of Euler’s Theorem, an inevitable mathematical consequence of

the dominance of tricellular junctions. The usefulness of this result is limited by its universality:

no proliferation pattern can be distinguished from any other since all must converge in mean to

hexagonal. But this convergence still raises some interesting questions and conjectures:

• Given that the mean of the cell shape distribution converges to an equilibrium, is it possible

that higher moments converge to some equilibrium as well? If so, do these moments depend

on the particular proliferation pattern?

• Going further, does the whole shape distribution converge? Can we say anything about this

equilibrium distribution (if it exists)? Does it depend on the proliferation pattern?

• How do such theoretical insights about equilibrium shape distributions help us model real

systems like the wing disc of the fruitfly Drosophila melanogaster?

• Are our model assumptions valid for such natural systems? Are they sufficient? What new

assumptions (if any) are needed?

To answer these questions, in this chapter we focus on modeling the larval stage wing disc of

the fruitfly Drosophila melanogaster. To accurately model this system, we must first validate the

fundamental assumptions of our topological framework (Chapter 2) with empirical observations,

creating new ones if necessary. Armed with these assumptions, we can develop a useful model for

19
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the understanding the developing Drosophila wing disc. This chapter is organized as follows:

Sections 3.1-3.2 — Using empirical observations to validate assumptions and make new ones.

We validate the assumptions of Chapter 2 by using time-lapse microscopy and clonal analysis. Our

empirical observations also lead us to make some new assumptions as well.

Sections 3.3-3.5 — The Markov Chain Model of Proliferation. Rather than keeping track of the

full epithelium in space, we shift to a new perspective: following a single dividing cell in time and

modeling cell shape dynamics as a Markov process.

Sections 3.6-3.9 — Making predictions and confirming with empirical data. The Markov model

allows us to make several strong predictions, the most important of which is that epithelial topology

will converge to a fixed equilibrium distribution of polygons, irrespective of initial conditions (Sec-

tion 3.6). This distribution is empirically confirmed in tissue samples from vertebrate, arthropod

and cnidarian organisms (Section 3.7), suggesting that a similar proliferation patterns may exist in

many multicellular animals. Our model also makes other predictions that we are able to confirm

empirically (Section 3.8). And we are also able to mathematically compute the equilibrium distri-

bution (Section 3.9).

Sections 3.10-3.11 — Understanding model limitations and sensitivity to division errors. Here I

try understand limitations of the model, including why it predicts no 4-sided cells (Section 3.10).

We also do a sensitivity analysis by modeling defective interface formation during division to see

its effects on the overall shape distribution (Section 3.11).

Sections 3.12-3.13 — Conclusions and Methods. We end with concluding remarks and a summary

of biological methods used.
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Equation (2) shows that the average number of cell sides exponen-
tially approaches six, consistent with Euler’s theorem. This implies
that even in epithelia devoid of minimal packing, the system will
assume a predominantly hexagonal topology as a consequence of cell

division. This behaviour is independent of cleavage plane orien-
tation, and is instead a result of the formation of tricellular junctions,
as previously demonstrated for plant tissues7–9. Importantly, how-
ever, an average of six does not necessitate a prevalence (or even
existence) of hexagons and so a higher fidelity model is required.

We formulated a more precise model using a discrete Markov
chain to capture the stochastic nature of cell proliferation, inspired by
mathematical work on random space-dividing topologies23. We
defined the state of a cell, s, as its number of sides where s . 3.
The relative frequency of s-sided cells in the population was defined
as ps, and the state of the population at generation t as an infinite row
vector pðtÞ ¼ ½p4 p5 p6 p7 p8 p9…�. The state dynamics is described by
pðtþ1Þ ¼ pðtÞPS, where P and S are probabilistic transition matrices
(Box 1). Briefly, the entries Pij represent the probability that an
i-sided cell will become j-sided after mitosis. Topological arguments
indicate that a cell will gain an average of one new side per cycle due
to neighbour divisions, and the matrix S accounts for this effect.
Thus, given the distribution of polygonal cell types p (t), we can
compute the new distribution after a single round of division.

Formulating epithelial topology as a Markov chain (Fig. 2a) yields a
strong quantitative prediction: that a stable equilibrium distribution of
polygons should emerge in proliferating epithelia, irrespective of the

Figure 1 | Mitosis and the in vivo dynamics of epithelial topology. a, The
regular hexagonal array typical of free energy minimization processes is
defined by uniformity of cell side length and the formation of tricellular
junctions, with each intersecting cell side separated by an equivalent 1208
angle. b, At the level of the septate junctions (stained here for Discs large
(Dlg; black)), cell topology in the wing disc epithelium is highly irregular.
c, Six successive stages of cell division from a confocal time-lapse recording.
Septate junction dynamics, monitored with nrg–GFP (green), show that
mitotic cells first round up and then divide at the apical epithelial surface.
d, e, Greyscale-inverted images from a showing conservation of cell contacts
throughout cell division. d, Dilation of the junctional lattice permits
rounding of a seven-sided mitotic cell during stages corresponding to
prophase–metaphase. Owing to compression and stretching of the pseudo-
coloured neighbours, no cell-neighbour exchanges occur (n ¼ 18 dilating
cells). Units of t are in minutes. e, During stages corresponding to anaphase
through cytokinesis, local topology (connectivity between cells) remains
unchanged; the mitotic cell approaches abscission surrounded by the same
cohort of seven neighbours (n ¼ 23 cytokinetic cells). f, Two-cell clones
marked by heritable expression of GFP (green) imaged at the level of the
septate junctions stainedwith anti-Dlg (red). g, In approximately 94%of cell
divisions, cytokinesis resolves with formation of a new cell interface,
resulting in the type I conformation ofmitotic siblings. h, Summary diagram
of topology changes during cell division.

Box 1 |Derivation of Markov state dynamics

Here we derive the probabilistic transition matrices P and S. The
entry P ij is the probability that an i-sided cell divides to produce a
j-sided daughter cell. Consider a single cell with s t21 sides (or
junctions) at generation t 2 1. Let the random variable Kt represent
the number of junctions distributed to one daughter cell on division
at generation t, leaving s t21 2 Kt for the other. Because no triangular
cells are observed empirically, we assume that each daughter
receives at least two junctions from the parent, leaving s t21 2 4
junctions to be distributed among the daughters. Assuming that
junctions are distributed uniformly at random around the mitotic cell
and that cleavage plane orientation is chosen uniformly at random
(to bisect the rounded mitotic cell’s area), we can model the
distribution of these remaining junctions as balls thrown into one of
two bins (daughters) with equal probability. Thus, the number of
additional parental junctions received by the first daughter is Kt 2 2,
a binomial random variable with parameters n ¼ s t21 2 4, p ¼ 1

2.
Finally, each daughter also gains two new junctions as a result of the
newly created interface. Therefore, the probability of transition from
an i-sided cell to a j-sided daughter is Pij ¼ Pr[Kt þ 2 ¼ jjst21 ¼ i] ¼
Comb(i 2 4, j 2 4)/2i24, where Comb(a, b) is the number of ways
to choose b objects from a set of a objects. As a consequence, the
(un-normalized) entries of P are the coefficients of Pascal’s triangle.

Next we derive the ‘shift matrix’ S, the entries, S ij, of which
represent the probability that an i-sided cell will gain sides from
dividing neighbours to become j-sided. Thus, S accounts for the
effect of neighbour cell divisions on the polygon class of a given cell,
an effect that was unaccounted for in previous work23. On mitosis, a
cell adds one side to each of two neighbouring cells. Assuming N
cells in an epithelium, this means that þ2N sides are added during
one round of divisions, resulting in 2N cells. Hence, the average
number of sides gained per cell is þ2N/2N ¼ þ1. That is, a cell will
gain, on average, one side per cycle from dividing neighbours. Thus,
the entries of the matrix S are S ij ¼ 1 if j ¼ i þ 1 and zero otherwise.
Note that this is a mean-field approximation of the effect of dividing
neighbour cells. In reality, some cells will gain no sides and others
will gain more than one side.
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Figure 3.1: Natural epithelia are not regular hexagonal lattices. (a) The regular hexagonal array typical of
free energy minimization processes is defined by uniformity of cell side length and the formation of tricellular
junctions, with each intersecting cell side separated by an equivalent 1208 angle. (b) At the level of the septate
junctions (stained here for Discs large (Dlg; black)), cell topology in the wing disc epithelium is highly irregular.

3.1 Evidence from the Drosophila wing disc epithelium validates

model assumptions

3.1.1 What is repacking? A brief history and some examples

One of our main model assumptions in Chapter 2 was that there is no cellular rearrangement

or repacking. Repacking arguments are important because they are commonly used to justify

the predominance of hexagons seen in epithelia. Historically, these arguments presume that the

characteristic cobblestone topology of monolayer epithelia reflect optimal cell packing.

Indeed, many biological and non-biological systems do form predictable geometric arrays due

to a tendency either to minimize surface energy or maximize space filling. Prominent examples

include insect retinal cells, non-proliferating epithelia, honeycombs, compressed soap bubbles, and

even coins pushed together on a tabletop [32, 2, 44, 3]. An illustration of a hexagonal array is shown

in Figure 3.1(a). However, in contrast with these systems, proliferating epithelia rarely exhibit a

honeycomb pattern (Fig. 3.1b), more often forming irregular polygon arrays due to the effect of cell

division [4, 18, 19, 5]. To better understand the dynamic process that generates the heterogeneous

cell pattern in the Drosophila wing, time-lapse movies were collected using fluorescent proteins that

localize to the septate junctions (ATPase-aGFP and neuroglianGFP [9, 10])1. These experiments

were conducted by biologist collaborator Matt Gibson in the lab of Norbert Perrimon at Harvard

Medical School.
1See the Methods section for more details.
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Equation (2) shows that the average number of cell sides exponen-
tially approaches six, consistent with Euler’s theorem. This implies
that even in epithelia devoid of minimal packing, the system will
assume a predominantly hexagonal topology as a consequence of cell

division. This behaviour is independent of cleavage plane orien-
tation, and is instead a result of the formation of tricellular junctions,
as previously demonstrated for plant tissues7–9. Importantly, how-
ever, an average of six does not necessitate a prevalence (or even
existence) of hexagons and so a higher fidelity model is required.

We formulated a more precise model using a discrete Markov
chain to capture the stochastic nature of cell proliferation, inspired by
mathematical work on random space-dividing topologies23. We
defined the state of a cell, s, as its number of sides where s . 3.
The relative frequency of s-sided cells in the population was defined
as ps, and the state of the population at generation t as an infinite row
vector pðtÞ ¼ ½p4 p5 p6 p7 p8 p9…�. The state dynamics is described by
pðtþ1Þ ¼ pðtÞPS, where P and S are probabilistic transition matrices
(Box 1). Briefly, the entries Pij represent the probability that an
i-sided cell will become j-sided after mitosis. Topological arguments
indicate that a cell will gain an average of one new side per cycle due
to neighbour divisions, and the matrix S accounts for this effect.
Thus, given the distribution of polygonal cell types p (t), we can
compute the new distribution after a single round of division.

Formulating epithelial topology as a Markov chain (Fig. 2a) yields a
strong quantitative prediction: that a stable equilibrium distribution of
polygons should emerge in proliferating epithelia, irrespective of the

Figure 1 | Mitosis and the in vivo dynamics of epithelial topology. a, The
regular hexagonal array typical of free energy minimization processes is
defined by uniformity of cell side length and the formation of tricellular
junctions, with each intersecting cell side separated by an equivalent 1208
angle. b, At the level of the septate junctions (stained here for Discs large
(Dlg; black)), cell topology in the wing disc epithelium is highly irregular.
c, Six successive stages of cell division from a confocal time-lapse recording.
Septate junction dynamics, monitored with nrg–GFP (green), show that
mitotic cells first round up and then divide at the apical epithelial surface.
d, e, Greyscale-inverted images from a showing conservation of cell contacts
throughout cell division. d, Dilation of the junctional lattice permits
rounding of a seven-sided mitotic cell during stages corresponding to
prophase–metaphase. Owing to compression and stretching of the pseudo-
coloured neighbours, no cell-neighbour exchanges occur (n ¼ 18 dilating
cells). Units of t are in minutes. e, During stages corresponding to anaphase
through cytokinesis, local topology (connectivity between cells) remains
unchanged; the mitotic cell approaches abscission surrounded by the same
cohort of seven neighbours (n ¼ 23 cytokinetic cells). f, Two-cell clones
marked by heritable expression of GFP (green) imaged at the level of the
septate junctions stainedwith anti-Dlg (red). g, In approximately 94%of cell
divisions, cytokinesis resolves with formation of a new cell interface,
resulting in the type I conformation ofmitotic siblings. h, Summary diagram
of topology changes during cell division.

Box 1 |Derivation of Markov state dynamics

Here we derive the probabilistic transition matrices P and S. The
entry P ij is the probability that an i-sided cell divides to produce a
j-sided daughter cell. Consider a single cell with s t21 sides (or
junctions) at generation t 2 1. Let the random variable Kt represent
the number of junctions distributed to one daughter cell on division
at generation t, leaving s t21 2 Kt for the other. Because no triangular
cells are observed empirically, we assume that each daughter
receives at least two junctions from the parent, leaving s t21 2 4
junctions to be distributed among the daughters. Assuming that
junctions are distributed uniformly at random around the mitotic cell
and that cleavage plane orientation is chosen uniformly at random
(to bisect the rounded mitotic cell’s area), we can model the
distribution of these remaining junctions as balls thrown into one of
two bins (daughters) with equal probability. Thus, the number of
additional parental junctions received by the first daughter is Kt 2 2,
a binomial random variable with parameters n ¼ s t21 2 4, p ¼ 1

2.
Finally, each daughter also gains two new junctions as a result of the
newly created interface. Therefore, the probability of transition from
an i-sided cell to a j-sided daughter is Pij ¼ Pr[Kt þ 2 ¼ jjst21 ¼ i] ¼
Comb(i 2 4, j 2 4)/2i24, where Comb(a, b) is the number of ways
to choose b objects from a set of a objects. As a consequence, the
(un-normalized) entries of P are the coefficients of Pascal’s triangle.

Next we derive the ‘shift matrix’ S, the entries, S ij, of which
represent the probability that an i-sided cell will gain sides from
dividing neighbours to become j-sided. Thus, S accounts for the
effect of neighbour cell divisions on the polygon class of a given cell,
an effect that was unaccounted for in previous work23. On mitosis, a
cell adds one side to each of two neighbouring cells. Assuming N
cells in an epithelium, this means that þ2N sides are added during
one round of divisions, resulting in 2N cells. Hence, the average
number of sides gained per cell is þ2N/2N ¼ þ1. That is, a cell will
gain, on average, one side per cycle from dividing neighbours. Thus,
the entries of the matrix S are S ij ¼ 1 if j ¼ i þ 1 and zero otherwise.
Note that this is a mean-field approximation of the effect of dividing
neighbour cells. In reality, some cells will gain no sides and others
will gain more than one side.
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Figure 3.2: Mitosis and the in vivo dynamics of epithelial topology. (c) Six successive stages of cell division
from a confocal time-lapse recording. Septate junction dynamics, monitored with nrgGFP (green), show that
mitotic cells first round up and then divide at the apical epithelial surface. (d-e) Grayscale-inverted images
from a showing conservation of cell contacts throughout cell division. (d) Dilation of the junctional lattice
permits rounding of a seven-sided mitotic cell during stages corresponding to prophasemetaphase. Owing to
compression and stretching of the pseudo-colored neighbors, no cell-neighbor exchanges occur (n = 18 dilating
cells). Units of t are in minutes. (e) During mitotic stages corresponding to anaphase through cytokinesis, local
topology (connectivity between cells) remains unchanged; the mitotic cell approaches division surrounded by
the same set of seven neighbors (n = 23 cytokinetic cells).

3.1.2 No cellular repacking, rearrangement or migration observed

The movies indicate that cellular rearrangement plays a negligible role in the determination of

epithelial topology since large-scale cell sorting and migration were not observed (Fig. 3.2d). The

only significant cellular movements occurred during mitosis, as initially polygonal cells rounded

up and divided into two daughter polygons (Fig. 3.2c). Despite marked dilation of mitotic cells

in prophase-metaphase (Fig. 3.2d) and the subsequent contraction of the area near the cleavage

plane (Fig. 3.2e), cell-neighbor relationships were stable throughout the cell cycle. These results

indicate that cells tightly adhere to their immediate neighbors, consistent with the well-established

formation of contiguous cell lineage clones in Drosophila appendage primordia [11, 40, 38].

To characterize more precisely how cells form new interfaces after division, we used a technique

[12] to mark descendants of a single cell with expression of a green fluorescent protein (GFP). Small

GFP cell clones were then scored to determine directly the spatial relationship between siblings

after division (Fig. 3.3f). At least 94% of mitoses were normal, resulting in the two daughters

sharing a cell interface (Type I; Fig. 3.3g, n = 250 clones). Abnormal divisions (Types II and III; Fig.
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Equation (2) shows that the average number of cell sides exponen-
tially approaches six, consistent with Euler’s theorem. This implies
that even in epithelia devoid of minimal packing, the system will
assume a predominantly hexagonal topology as a consequence of cell

division. This behaviour is independent of cleavage plane orien-
tation, and is instead a result of the formation of tricellular junctions,
as previously demonstrated for plant tissues7–9. Importantly, how-
ever, an average of six does not necessitate a prevalence (or even
existence) of hexagons and so a higher fidelity model is required.

We formulated a more precise model using a discrete Markov
chain to capture the stochastic nature of cell proliferation, inspired by
mathematical work on random space-dividing topologies23. We
defined the state of a cell, s, as its number of sides where s . 3.
The relative frequency of s-sided cells in the population was defined
as ps, and the state of the population at generation t as an infinite row
vector pðtÞ ¼ ½p4 p5 p6 p7 p8 p9…�. The state dynamics is described by
pðtþ1Þ ¼ pðtÞPS, where P and S are probabilistic transition matrices
(Box 1). Briefly, the entries Pij represent the probability that an
i-sided cell will become j-sided after mitosis. Topological arguments
indicate that a cell will gain an average of one new side per cycle due
to neighbour divisions, and the matrix S accounts for this effect.
Thus, given the distribution of polygonal cell types p (t), we can
compute the new distribution after a single round of division.

Formulating epithelial topology as a Markov chain (Fig. 2a) yields a
strong quantitative prediction: that a stable equilibrium distribution of
polygons should emerge in proliferating epithelia, irrespective of the

Figure 1 | Mitosis and the in vivo dynamics of epithelial topology. a, The
regular hexagonal array typical of free energy minimization processes is
defined by uniformity of cell side length and the formation of tricellular
junctions, with each intersecting cell side separated by an equivalent 1208
angle. b, At the level of the septate junctions (stained here for Discs large
(Dlg; black)), cell topology in the wing disc epithelium is highly irregular.
c, Six successive stages of cell division from a confocal time-lapse recording.
Septate junction dynamics, monitored with nrg–GFP (green), show that
mitotic cells first round up and then divide at the apical epithelial surface.
d, e, Greyscale-inverted images from a showing conservation of cell contacts
throughout cell division. d, Dilation of the junctional lattice permits
rounding of a seven-sided mitotic cell during stages corresponding to
prophase–metaphase. Owing to compression and stretching of the pseudo-
coloured neighbours, no cell-neighbour exchanges occur (n ¼ 18 dilating
cells). Units of t are in minutes. e, During stages corresponding to anaphase
through cytokinesis, local topology (connectivity between cells) remains
unchanged; the mitotic cell approaches abscission surrounded by the same
cohort of seven neighbours (n ¼ 23 cytokinetic cells). f, Two-cell clones
marked by heritable expression of GFP (green) imaged at the level of the
septate junctions stainedwith anti-Dlg (red). g, In approximately 94%of cell
divisions, cytokinesis resolves with formation of a new cell interface,
resulting in the type I conformation ofmitotic siblings. h, Summary diagram
of topology changes during cell division.

Box 1 |Derivation of Markov state dynamics

Here we derive the probabilistic transition matrices P and S. The
entry P ij is the probability that an i-sided cell divides to produce a
j-sided daughter cell. Consider a single cell with s t21 sides (or
junctions) at generation t 2 1. Let the random variable Kt represent
the number of junctions distributed to one daughter cell on division
at generation t, leaving s t21 2 Kt for the other. Because no triangular
cells are observed empirically, we assume that each daughter
receives at least two junctions from the parent, leaving s t21 2 4
junctions to be distributed among the daughters. Assuming that
junctions are distributed uniformly at random around the mitotic cell
and that cleavage plane orientation is chosen uniformly at random
(to bisect the rounded mitotic cell’s area), we can model the
distribution of these remaining junctions as balls thrown into one of
two bins (daughters) with equal probability. Thus, the number of
additional parental junctions received by the first daughter is Kt 2 2,
a binomial random variable with parameters n ¼ s t21 2 4, p ¼ 1

2.
Finally, each daughter also gains two new junctions as a result of the
newly created interface. Therefore, the probability of transition from
an i-sided cell to a j-sided daughter is Pij ¼ Pr[Kt þ 2 ¼ jjst21 ¼ i] ¼
Comb(i 2 4, j 2 4)/2i24, where Comb(a, b) is the number of ways
to choose b objects from a set of a objects. As a consequence, the
(un-normalized) entries of P are the coefficients of Pascal’s triangle.

Next we derive the ‘shift matrix’ S, the entries, S ij, of which
represent the probability that an i-sided cell will gain sides from
dividing neighbours to become j-sided. Thus, S accounts for the
effect of neighbour cell divisions on the polygon class of a given cell,
an effect that was unaccounted for in previous work23. On mitosis, a
cell adds one side to each of two neighbouring cells. Assuming N
cells in an epithelium, this means that þ2N sides are added during
one round of divisions, resulting in 2N cells. Hence, the average
number of sides gained per cell is þ2N/2N ¼ þ1. That is, a cell will
gain, on average, one side per cycle from dividing neighbours. Thus,
the entries of the matrix S are S ij ¼ 1 if j ¼ i þ 1 and zero otherwise.
Note that this is a mean-field approximation of the effect of dividing
neighbour cells. In reality, some cells will gain no sides and others
will gain more than one side.
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Figure 3.3: Clonal marking experiments and abnormal divisions. (f) Two-cell clones marked by heritable
expression of GFP (green) imaged at the level of the septate junctions stained with anti-Dlg (red). (g) In
approximately 94% of cell divisions, cytokinesis resolves with formation of a new cell interface, resulting in
the normal Type I conformation of mitotic siblings. Abnormal Type II/III divisions were empirically rare. (h)
Summary diagram of topology changes during cell division.

3.3g) are addressed in Section 3.11. Together, these observations indicate that cell division leads to

a transient bottleneck conformation (Fig. 3.2e) that resolves into two polygonal cells joined by a

common side (Fig. 3.3h).

These results raise serious questions about the validity of repacking arguments that are com-

monly used to justify the predominance of hexagons seen in epithelia. Cells, it seems, are not like

pennies pushed together on a tabletop, nor like a honeycomb. These observations validate our

no-rearrangement assumptions in Chapter 2.

3.1.3 No triangular cells observed

An important observation is that no 3-sided cells were found in the 2,172 cells we analyzed.

Presumably, this is because most cells are convex or near-convex, rendering it highly unlikely

that a cleavage plane would divide a cell so asymmetrically (Fig. 3.4). Another way of seeing

this is that assuming that all junctions are reasonably spaced (due to either physical relaxation or

active regulation), the kind of abnormal highly asymmetric divisions that result in 3-sided cells are

extremely unlikely. More formally, consider an n-sided cell. Let θi be the central angle subtended

by junctions i and i + 1 (indices are taken modulo n). If rounding up does not appreciably change

central angles between junctions, then we have the simple geometric fact:

∀i (θi + θi+1) < 180◦ ⇒ no 3-sided cells can result from cell division
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Figure 3.4: Illustrating the geometric interpretation of the Markov model’s topological assumptions. During
mitosis, cells round up, losing their polygonal shape and instead assuming an approximately circular shape. A
cleavage plane is modeled as a random diameter of a cell. A normal division does not result in the formation of
3-sided daughters (left), whereas an abnormal division might (right) due to a highly asymmetric distribution
of junctions. We forbid any abnormal divisions because no 3-sided cells are observed in the Drosophila wing.
Presumably, this is because their formation would require highly asymmetric divisions (right). These are
thought to be highly unlikely since we empirically observe that junctions are usually reasonably spaced apart.

3.2 Imposing New Assumptions onto the CPM

Although our epithelium-level assumptions were all validated, some new cell-level assumptions

must be added to complete our model in light of the absence of 3-sided cells. This imposes further

structure on the CPM:

(x) Every CP must be composed of two non-adjacent edges, rendering it impossible to generate

any 3-sided daughter cells from division. This is consistent with the nonexistence of 3-sided

cells in observations of the wing disc of Drosophila melanogaster and other organisms.

We must also make one final assumption regarding division symmetry. Since cells round up

before they divide (Fig. 3.2d) and since cleavage planes are approximately diameters of the rounded

cell, we can model division as a random distribution of the trivalent junctions to each daughter.

Thus, our final assumption is:
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(xi) Cell division distributes existing junctions to both daughter cells uniformly at random, pro-

vided that Assumption (x) is observed.

This topological assumption has a simple geometrical interpretation: that cells are circles, cleav-

age planes are random diameters, and trivalent junctions are distributed uniformly at random

around the cell’s periphery (provided that at least two junctions are on each side of the cleavage

plane). From a Bayesian perspective, this is a “Maximum Entropy prior”, given the no-triangles

constraint.

Using all of these assumptions, the wing epithelium can be formulated as a two-dimensional

planar network (graph). We already know from equation (2.1) that the average number of cell

sides exponentially approaches six, consistent with Eulers theorem. This suggests that even in

epithelia devoid of minimal packing, the system will assume a predominantly hexagonal topology

as a consequence of cell division. This behavior is independent of cleavage plane orientation, and

is instead a result of the formation of tricellular junctions, as previously demonstrated for plant

tissues [18, 19, 5]. Importantly, however, an average of six does not necessitate a prevalence (or

even existence) of hexagons and so a higher fidelity model is required.

3.3 Motivation for a Markov chain model

One possibility is to try and model the full network, keeping track of all cells as they divide.

Though this is computationally feasible, it is not analytically tractable. The difficulty is essentially

a ‘network’ effect: upon division, each cell’s shape depends on its neighbors’ shapes in the current

generation and on its neighbors’ neighbors’ shapes in the next generation and so on. This makes

it difficult to focus on any one cell, since every cell’s influence is propagated so quickly to so many

others.

To tame this analytical complexity, Cowan et al. [23] used models that followed a randomly

chosen individual cell in time instead of an entire epithelium in spacetime. A cell’s shape in the

current generation was simply a stochastic function of its shape in the last generation. And so

cell shape dynamics were modeled as a discrete-time discrete-state Markov process, also called a

Markov Chain. This shift from a network dynamics to a Markovian perspective greatly simplified

matters, but still left one great difficulty: How does one model the sides gained by a cell from its

neighbors’ divisions?



CHAPTER 3. THE MARKOV APPROXIMATION 26

Since Cowan’s goal was to study an abstract mathematical system, he handled this problem by

simply ignoring all sides added by neighbors. Our goal, however, is to model a natural system and so

cannot make such an assumption. If we did, we would get meaningless results because cells could

only lose and never gain any sides. Invariably, all cells would eventually become quadrilateral.

This is unacceptable for our purposes for two reasons: (i) quadrilateral cells are only a small fraction

of the epithelial cells we observe2 and (ii) a predominance of quadrilaterals would contradict our

earlier theoretical result that the mean shape should converge to hexagons. Instead, we believe that

this neighbor-dependent gain of sides is crucial for creating balance in the sheet. Figure 3.3h shows

how the loss of sides is locally balanced by the gain.

In the next section, we will show how to use a Markov chain model without ignoring the crucial

addition of sides by dividing neighbors.

3.4 The discrete-state Markov chain model

Despite the limitations of Cowan’s models, we will formulate a more precise division model using

a discrete Markov chain to capture the stochastic nature of cell proliferation. We define the state of

a cell, s, as its number of sides where s ≥ 4. The relative frequency of s-sided cells in the population

is defined as ps, and the state of the population at generation t is an infinite row vector

~p(t) = [p4, p5, p6, p7, p8, p9, . . .].

The state dynamics is described by

~pt+1 = ~ptPS, (3.1)

where P and S are probabilistic transition matrices that represent the effects of a cell dividing and

its neighbors dividing, respectively (see Section 3.5 for derivation). Briefly, the entries Pi j represent

the probability that an i-sided cell will become j-sided after division. Neighboring divisions con-

tribute an average of one new side per cell per cycle, and the transition matrix S accounts for this

effect. This will be explained in more detail in Section 3.5. Thus, given the distribution of polygo-

nal cell types ~p(t), we can compute the new distribution after a single round of division by using (3.1).

2Cowan’s abstract mathematical models od not converge to all quadrilaterals, which allow for cells with less than three
sides, including 2-sided and 1-sided cells. Though mathematically well-defined, these abstract objects are inappropriate for
modeling natural epithelia all of whose cells have greater than three sides.
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Some Remarks. Note that we have significantly shifted our perspective: We started by keeping

track of the entire epithelium in space, and we ended by following the shapes of individual cells in

time. We have also (implicitly) made the Markov Assumption: that the probability of being i-sided

after the next round of division depends only on the current shape and not on the neighbors’ shapes

or parent’s shape.

3.5 Deriving the Transitions matrices P and S

Given our additional assumptions, we now derive the matrices P and S. The former will be called

the Division Matrix and the latter the Shift Matrix.

3.5.1 The Division Matrix: Pascal’s Triangle

The entry Pi j is the probability that an i-sided cell divides to produce a j-sided daughter cell.

Consider a single cell with st−1 sides (or junctions) at generation t − 1. Let the random variable

Kt represent the number of junctions distributed to one daughter cell on division at generation t,

leaving st−1 − Kt for the other. Because no triangular cells are observed empirically, we assume

that each daughter receives at least two junctions from the parent, leaving st−1 − 4 junctions to be

distributed among the daughters. Assuming that junctions are distributed uniformly at random

around the mitotic cell and that cleavage plane orientation is chosen uniformly at random (to

bisect the rounded mitotic cells area), we can model the distribution of these remaining junctions

as balls thrown into one of two bins (daughters) with equal probability. Thus, the number of

additional parental junctions received by the first daughter is Kt − 2, a binomial random variable

with parameters n = st−1−4, p = 1
2 . Finally, each daughter also gains two new junctions as a result of

the newly created interface. Therefore, the probability of transition from an i-sided cell to a j-sided

daughter is

Pi j = Pr[Kt + 2 = j|st−1 = i]

=

n − 3

k − 2

 (1
2

)i−4

As a consequence, the (un-normalized) entries of P are the coefficients of Pascals triangle, as shown

in Figure 3.5.
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Figure 3.5: The transitions matrices P and S used in the mitosis (division) model. Entry (i, j) represents the
(unnormalized) odds of a pre-mitotic i-sided cell becoming a post-mitotic j-sided cell after division. The entries
of P (the Division Matrix) are the entries of Pascal’s Triangle because of the underlying Binomial distribution.
The entries of S (the Shift Matrix) are all ones above the diagonal, representing the mean-field approximation
that cells gain (on average) one side from their dividing neighbors.

3.5.2 The Shift Matrix: A Mean Field Approximation

Next we derive the shift matrix S, the entries, Si j, of which represent the probability that an i-sided

cell will gain sides from dividing neighbors to become j-sided. Thus, S accounts for the effect of

neighbor cell divisions on the polygon class of a given cell, an effect that was unaccounted for in

previous work [23]. On mitosis, a cell adds one side to each of two neighboring cells. Assuming N

cells in an epithelium, this means that 2N sides are added during one round of divisions, resulting

in 2N cells. Hence, the average number of sides gained per cell is 2N/2N = 1. That is, a cell will

gain, on average, one side per cycle from dividing neighbors. Thus, the entries of the matrix S are

Si j = 1, if j = i + 1

and zero otherwise. Note that this is a mean-field approximation of the effect of dividing neighbor

cells. In reality, some cells will gain no sides and others will gain more than one side. The shift

matrix S is shown in Figure 3.5.

3.6 Prediction: Proliferation generates an equilibrium shape dis-

tribution independent of initial topology

Formulating epithelial topology as a Markov chain (Fig. 3.6a) yields a strong quantitative predic-

tion: that a stable equilibrium distribution of polygons should emerge in proliferating epithelia,

irrespective of the initial conditions (Perron-Frobenius theorem [13]). We calculated the exact equi-

librium p∗ directly from the matrix T = PS to be approximately 28.9% pentagons, 46.4% hexagons,
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20.8% heptagons and lesser frequencies of other polygon types (Fig. 3.6b). Aside from numerical

calculation, we are also able to derive an analytical form for this distribution (see Section 3.9).

The model also predicts that the population of cells should approach this distribution at an

exponential rate. Consequently, global topology converges to p∗ in less than eight generations,

even for initial conditions where every cell is quadrilateral, hexagonal, or nonagonal (Fig. 3.6c).

Furthermore, we modeled defective interface formation between mitotic siblings, and found that

p∗ is robust to small error rates (see Section 3.11).

© 2006 Nature Publishing Group 

 

initial conditions (Perron–Frobenius theorem)24. We calculated the
exact equilibrium E directly from the matrix T ¼ PS to be approxi-
mately 28.9% pentagons, 46.4% hexagons, 20.8% heptagons and
lesser frequencies of other polygon types (Fig. 2b; see Methods). The
model also predicts that the population of cells should approach this
distribution at an exponential rate. Consequently, global topology
converges to E in less than eight generations, even for initial
conditions where every cell is quadrilateral, hexagonal, or nonagonal
(Fig. 2c). Furthermore, we modelled defective interface formation
between mitotic siblings, and found that E is robust to small error
rates (Supplementary Data).

To validate whether E exists in vivo, we determined the actual
polygon distribution in the developing Drosophila wing. Notably,
empirical counts closely matched E for every major polygon class to
within a few per cent (n ¼ 2,172 cells; Fig. 3a). Only the small
percentage of four-sided cells was unaccounted for, an effect attribu-
table to the mean field approximation (Box 1 and Supplementary
Data). In addition, the variation between individual imaginal discs
was minimal (see error bars for Fig. 3a; see also Supplementary Fig. 2).
Our first-order Markov model can therefore explain global topology in
the Drosophila wing disc epithelium, including the predominance of
hexagons, based on the mechanism of cell division alone. A unique
advantage of this simple model is its generality, particularly given the
conservation of fundamental aspects of adhesion and mitosis in
monolayer epithelia. Consistent with this, we found that polygon
topology in the tadpole tail epidermis of the frog Xenopus (n ¼ 1,051
cells) and in the outer epidermis of the freshwater cnidarian Hydra
(n ¼ 602 cells) also closely approachedE (Fig. 3a). Although the details
of cell division in these organisms remain to be described, we infer
that the same equilibrium topology will emerge in most multicellular
eukaryotes. Indeed, the reported cell topology in plant epidermis is in
remarkably close agreement with our results (25.1% pentagons,
47.4% hexagons and 22.4% heptagons)8.

In addition to predicting the equilibrium topology, our model also

provides a quantitative framework for further insights into epithelial
organization. For example, the model predicts that each cell in the
population must gain an average of one side per cell cycle (Box 1).
Confirming this, we found that the average mitotic cell (at the end of
the cell cycle) possessed not six (5.94 ^ 0.06) but rather seven sides
(6.99 ^ 0.07; Fig. 3b, c; n ¼ 177 mitotic figures). This indicates that
epithelial cells accumulate additional sides until mitosis, at which
time they divide into two daughters of lesser sidedness. Topological
equilibrium is therefore achieved as a balance between autonomous
and non-autonomous division events.

Figure 2 | A robust equilibrium topology in proliferating epithelial cell
networks. a, Schematized Markov chain model representing proliferation
dynamics for polygonal cells. Cells occupy a series of discrete states
representing polygon classes from four to nine sides. To simulate a round of
division, cells either recycle to the same state (curved arrows) or transition to
a new state (straight arrows) according to the probabilities encoded by the
neighbour effect transition matrix T (expressed here as fractions).
Transitions from states s with an equilibrium probability ps , 1024 have
been omitted for clarity. b, Within ten generations, the distribution of
polygonal shapes converges to E, comprising 28.88% pentagons, 46.40%
hexagons, 20.85% heptagons, 3.59% octagons and 0.28% nonagons.
c, Emergence of E regardless of initial conditions where all cells are
uniformly quadrilateral, hexagonal or nonagonal.

Figure 3 | An emergent topological order in proliferating epithelia. a, In
close accordance with the theoretical equilibrium topology (yellow),
Drosophila wing disc (pink, n ¼ 2,172 cells), Xenopus tail epidermis (green,
n ¼ 1,051 cells) and Hydra epidermis (blue, n ¼ 602 cells) all exhibit a
similar non-gaussian distribution of epithelial polygons with less than 50%
hexagonal cells and high (and asymmetric) percentages of pentagonal and
heptagonal cells. Error bars indicate standard deviation between individual
samples. The inset indicates relative phylogenetic positions for Drosophila,
Xenopus andHydra26. b, Prophase cells (marked with anti-phospho-histone
H3; red) stained for cell junctions (Dlg, green) to quantify cell sidedness.
Most mitotic cells are seven-sided. c, Polygonal cells in the Markov model
(predicted, blue) and Drosophila wing disc (empirical, green) have an
average of six sides. The population of mitotic cells is shifted, reflecting an
average of seven sides. d, Cells on the periphery of a string-expressing clone
(green) in the peripodial epithelium have fewer sides. Note the presence of a
triangular cell, not observed under normal circumstances (yellow arrow;
Dlg, red). e, The distribution of polygon types on the periphery of string-
expressing clones (red; n ¼ 295 cells in 24 clones) is shifted to reflect a
predominance of pentagons, and deviates from controls (green, n ¼ 411
wild-type peripodial cells).
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Figure 3.6: A robust equilibrium topology in proliferating epithelial cell networks. (a) Schematized Markov
chain model representing proliferation dynamics for polygonal cells. Cells occupy a series of discrete states
representing polygon classes from four to nine sides. To simulate a round of division, cells either recycle to
the same state (curved arrows) or transition to a new state (straight arrows) according to the probabilities
encoded by the neighbor effect transition matrix T (expressed here as fractions). Transitions from states s with
an equilibrium probability ps , 1024 have been omitted for clarity. (b) Within ten generations, the distribution of
polygonal shapes converges to p∗, comprising 28.88% pentagons, 46.40% hexagons, 20.85% heptagons, 3.59%
octagons and 0.28% nonagons. (c) Emergence of p∗ regardless of initial conditions where all cells are uniformly
quadrilateral, hexagonal or nonagonal.
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3.7 Comparison to Empirical Data

To validate whether p∗ exists in vivo, we determined the actual polygon distribution in the developing

Drosophila wing. Notably, empirical counts closely matched p∗ for every major polygon class to

within a few per cent (n = 2, 172 cells; Fig. 3.6a). Only the small percentage of four-sided cells

was unaccounted for, an effect attributable to the mean field approximation (see Section 3.10).

In addition, the variation between individual imaginal discs was minimal (see error bars in Fig.

3.6a). Our first-order Markov model can therefore explain global topology in the Drosophila wing

disc epithelium, including the predominance of hexagons, based on the mechanism of cell division

alone. A unique advantage of this simple model is its generality, particularly given the conservation

of fundamental aspects of adhesion and mitosis in monolayer epithelia. Consistent with this, we

found that polygon topology in the tadpole tail epidermis of the frog Xenopus (n = 1, 051 cells) and

in the outer epidermis of the freshwater cnidarian Hydra (n = 602 cells) also closely approached p∗

(Fig. 3.6a). Although the details of cell division in these other organisms remain to be described

by biologists, we predict that the same equilibrium topology will emerge in most multicellular

organisms. Indeed, the reported cell topology in plant epidermis is in remarkably close agreement

with our results (25.1% pentagons, 47.4% hexagons and 22.4% heptagons)[19].

3.8 Empirically testing new model predictions and exploring other

uses

In addition to predicting the equilibrium topology, our model also provides a quantitative frame-

work for gaining further insights into epithelial organization. There are several model predictions

that we have confirmed empirically:

Mitotic shift: Dividing cells have more sides on average. The model predicts that each cell in the

population must gain an average of one side per cell cycle from neighboring divisions (see Section

3.5). This means that aged cells — those that are further along in their cell cycles — should have

more sides on average. In particular, mitotic cells — cells on the verge of dividing — should have an

average close to 6 + 1 = 7 sides. We found evidence confirming this hypothesis: the average mitotic

cell (at the end of the cell cycle) possessed not six (5.94±0.06) but rather seven sides (6.99±0.07; Fig.

3.8b, c; n = 177 mitotic figures). This mitotic shift phenomenon was first observed by Lewis in the
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initial conditions (Perron–Frobenius theorem)24. We calculated the
exact equilibrium E directly from the matrix T ¼ PS to be approxi-
mately 28.9% pentagons, 46.4% hexagons, 20.8% heptagons and
lesser frequencies of other polygon types (Fig. 2b; see Methods). The
model also predicts that the population of cells should approach this
distribution at an exponential rate. Consequently, global topology
converges to E in less than eight generations, even for initial
conditions where every cell is quadrilateral, hexagonal, or nonagonal
(Fig. 2c). Furthermore, we modelled defective interface formation
between mitotic siblings, and found that E is robust to small error
rates (Supplementary Data).

To validate whether E exists in vivo, we determined the actual
polygon distribution in the developing Drosophila wing. Notably,
empirical counts closely matched E for every major polygon class to
within a few per cent (n ¼ 2,172 cells; Fig. 3a). Only the small
percentage of four-sided cells was unaccounted for, an effect attribu-
table to the mean field approximation (Box 1 and Supplementary
Data). In addition, the variation between individual imaginal discs
was minimal (see error bars for Fig. 3a; see also Supplementary Fig. 2).
Our first-order Markov model can therefore explain global topology in
the Drosophila wing disc epithelium, including the predominance of
hexagons, based on the mechanism of cell division alone. A unique
advantage of this simple model is its generality, particularly given the
conservation of fundamental aspects of adhesion and mitosis in
monolayer epithelia. Consistent with this, we found that polygon
topology in the tadpole tail epidermis of the frog Xenopus (n ¼ 1,051
cells) and in the outer epidermis of the freshwater cnidarian Hydra
(n ¼ 602 cells) also closely approachedE (Fig. 3a). Although the details
of cell division in these organisms remain to be described, we infer
that the same equilibrium topology will emerge in most multicellular
eukaryotes. Indeed, the reported cell topology in plant epidermis is in
remarkably close agreement with our results (25.1% pentagons,
47.4% hexagons and 22.4% heptagons)8.

In addition to predicting the equilibrium topology, our model also

provides a quantitative framework for further insights into epithelial
organization. For example, the model predicts that each cell in the
population must gain an average of one side per cell cycle (Box 1).
Confirming this, we found that the average mitotic cell (at the end of
the cell cycle) possessed not six (5.94 ^ 0.06) but rather seven sides
(6.99 ^ 0.07; Fig. 3b, c; n ¼ 177 mitotic figures). This indicates that
epithelial cells accumulate additional sides until mitosis, at which
time they divide into two daughters of lesser sidedness. Topological
equilibrium is therefore achieved as a balance between autonomous
and non-autonomous division events.

Figure 2 | A robust equilibrium topology in proliferating epithelial cell
networks. a, Schematized Markov chain model representing proliferation
dynamics for polygonal cells. Cells occupy a series of discrete states
representing polygon classes from four to nine sides. To simulate a round of
division, cells either recycle to the same state (curved arrows) or transition to
a new state (straight arrows) according to the probabilities encoded by the
neighbour effect transition matrix T (expressed here as fractions).
Transitions from states s with an equilibrium probability ps , 1024 have
been omitted for clarity. b, Within ten generations, the distribution of
polygonal shapes converges to E, comprising 28.88% pentagons, 46.40%
hexagons, 20.85% heptagons, 3.59% octagons and 0.28% nonagons.
c, Emergence of E regardless of initial conditions where all cells are
uniformly quadrilateral, hexagonal or nonagonal.

Figure 3 | An emergent topological order in proliferating epithelia. a, In
close accordance with the theoretical equilibrium topology (yellow),
Drosophila wing disc (pink, n ¼ 2,172 cells), Xenopus tail epidermis (green,
n ¼ 1,051 cells) and Hydra epidermis (blue, n ¼ 602 cells) all exhibit a
similar non-gaussian distribution of epithelial polygons with less than 50%
hexagonal cells and high (and asymmetric) percentages of pentagonal and
heptagonal cells. Error bars indicate standard deviation between individual
samples. The inset indicates relative phylogenetic positions for Drosophila,
Xenopus andHydra26. b, Prophase cells (marked with anti-phospho-histone
H3; red) stained for cell junctions (Dlg, green) to quantify cell sidedness.
Most mitotic cells are seven-sided. c, Polygonal cells in the Markov model
(predicted, blue) and Drosophila wing disc (empirical, green) have an
average of six sides. The population of mitotic cells is shifted, reflecting an
average of seven sides. d, Cells on the periphery of a string-expressing clone
(green) in the peripodial epithelium have fewer sides. Note the presence of a
triangular cell, not observed under normal circumstances (yellow arrow;
Dlg, red). e, The distribution of polygon types on the periphery of string-
expressing clones (red; n ¼ 295 cells in 24 clones) is shifted to reflect a
predominance of pentagons, and deviates from controls (green, n ¼ 411
wild-type peripodial cells).
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Figure 3.7: An emergent topological order in proliferating epithelia. (a) In close accordance with the theoretical
equilibrium topology (yellow), Drosophila wing disc (pink, n = 2, 172 cells), Xenopus tail epidermis (green,
n = 1, 051 cells) and Hydra epidermis (blue, n = 602 cells) all exhibit a similar non-Gaussian distribution of
epithelial polygons with less than 50% hexagonal cells and high (and asymmetric) percentages of pentagonal
and heptagonal cells. Error bars indicate standard deviation between individual samples. The inset indicates
relative phylogenetic positions for Drosophila, Xenopus and Hydra[15].

cucumber epidermis [18, 19] and was used to infer that rates of division may be shape-dependent.

Our work, however, show that such shape-dependent division rates are not necessary for explaining

the mitotic shift. More generally, preliminary data from the experiments of W.T. Gibson confirms

that aged cells have more sides on average [private communication]. This indicates that epithelial

cells accumulate additional sides until mitosis, at which time they divide into two daughters of

lesser sidedness. Topological equilibrium is therefore achieved as a balance between autonomous and non-

autonomous division events.

Differential rates of proliferation lower the mean shape. One consequence of this result is that

localized deviations in the rate of cell proliferation should distort local topology in a predictable

way. To test this, we took advantage of the fact that peripodial cells of the wing disc exhibit the

distribution p∗, but stop dividing early. By increasing the concentration of the division-promoting

protein string[14] we drove these peripodial cells through extra divisions, creating sharp boundaries

between over-proliferating cells and their quiescent (non-proliferating) neighbors (Fig. 3.9d). Con-

sistent with our model, dividing cells surrounded by quiescent cells had fewer sides than controls
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initial conditions (Perron–Frobenius theorem)24. We calculated the
exact equilibrium E directly from the matrix T ¼ PS to be approxi-
mately 28.9% pentagons, 46.4% hexagons, 20.8% heptagons and
lesser frequencies of other polygon types (Fig. 2b; see Methods). The
model also predicts that the population of cells should approach this
distribution at an exponential rate. Consequently, global topology
converges to E in less than eight generations, even for initial
conditions where every cell is quadrilateral, hexagonal, or nonagonal
(Fig. 2c). Furthermore, we modelled defective interface formation
between mitotic siblings, and found that E is robust to small error
rates (Supplementary Data).

To validate whether E exists in vivo, we determined the actual
polygon distribution in the developing Drosophila wing. Notably,
empirical counts closely matched E for every major polygon class to
within a few per cent (n ¼ 2,172 cells; Fig. 3a). Only the small
percentage of four-sided cells was unaccounted for, an effect attribu-
table to the mean field approximation (Box 1 and Supplementary
Data). In addition, the variation between individual imaginal discs
was minimal (see error bars for Fig. 3a; see also Supplementary Fig. 2).
Our first-order Markov model can therefore explain global topology in
the Drosophila wing disc epithelium, including the predominance of
hexagons, based on the mechanism of cell division alone. A unique
advantage of this simple model is its generality, particularly given the
conservation of fundamental aspects of adhesion and mitosis in
monolayer epithelia. Consistent with this, we found that polygon
topology in the tadpole tail epidermis of the frog Xenopus (n ¼ 1,051
cells) and in the outer epidermis of the freshwater cnidarian Hydra
(n ¼ 602 cells) also closely approachedE (Fig. 3a). Although the details
of cell division in these organisms remain to be described, we infer
that the same equilibrium topology will emerge in most multicellular
eukaryotes. Indeed, the reported cell topology in plant epidermis is in
remarkably close agreement with our results (25.1% pentagons,
47.4% hexagons and 22.4% heptagons)8.

In addition to predicting the equilibrium topology, our model also

provides a quantitative framework for further insights into epithelial
organization. For example, the model predicts that each cell in the
population must gain an average of one side per cell cycle (Box 1).
Confirming this, we found that the average mitotic cell (at the end of
the cell cycle) possessed not six (5.94 ^ 0.06) but rather seven sides
(6.99 ^ 0.07; Fig. 3b, c; n ¼ 177 mitotic figures). This indicates that
epithelial cells accumulate additional sides until mitosis, at which
time they divide into two daughters of lesser sidedness. Topological
equilibrium is therefore achieved as a balance between autonomous
and non-autonomous division events.

Figure 2 | A robust equilibrium topology in proliferating epithelial cell
networks. a, Schematized Markov chain model representing proliferation
dynamics for polygonal cells. Cells occupy a series of discrete states
representing polygon classes from four to nine sides. To simulate a round of
division, cells either recycle to the same state (curved arrows) or transition to
a new state (straight arrows) according to the probabilities encoded by the
neighbour effect transition matrix T (expressed here as fractions).
Transitions from states s with an equilibrium probability ps , 1024 have
been omitted for clarity. b, Within ten generations, the distribution of
polygonal shapes converges to E, comprising 28.88% pentagons, 46.40%
hexagons, 20.85% heptagons, 3.59% octagons and 0.28% nonagons.
c, Emergence of E regardless of initial conditions where all cells are
uniformly quadrilateral, hexagonal or nonagonal.

Figure 3 | An emergent topological order in proliferating epithelia. a, In
close accordance with the theoretical equilibrium topology (yellow),
Drosophila wing disc (pink, n ¼ 2,172 cells), Xenopus tail epidermis (green,
n ¼ 1,051 cells) and Hydra epidermis (blue, n ¼ 602 cells) all exhibit a
similar non-gaussian distribution of epithelial polygons with less than 50%
hexagonal cells and high (and asymmetric) percentages of pentagonal and
heptagonal cells. Error bars indicate standard deviation between individual
samples. The inset indicates relative phylogenetic positions for Drosophila,
Xenopus andHydra26. b, Prophase cells (marked with anti-phospho-histone
H3; red) stained for cell junctions (Dlg, green) to quantify cell sidedness.
Most mitotic cells are seven-sided. c, Polygonal cells in the Markov model
(predicted, blue) and Drosophila wing disc (empirical, green) have an
average of six sides. The population of mitotic cells is shifted, reflecting an
average of seven sides. d, Cells on the periphery of a string-expressing clone
(green) in the peripodial epithelium have fewer sides. Note the presence of a
triangular cell, not observed under normal circumstances (yellow arrow;
Dlg, red). e, The distribution of polygon types on the periphery of string-
expressing clones (red; n ¼ 295 cells in 24 clones) is shifted to reflect a
predominance of pentagons, and deviates from controls (green, n ¼ 411
wild-type peripodial cells).
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Figure 3.8: Observing the mitotic shift. (b) Prophase cells (marked with anti-phospho-histone H3; red) stained
for cell junctions (Dlg, green) to quantify cell sidedness. Most mitotic cells are seven-sided. (c) Polygonal cells
in the Markov model (predicted, blue) and Drosophila wing disc (empirical, green) have an average of six
sides. The population of mitotic cells is shifted, reflecting an average of seven sides.

(an average of 5.42 ± 0.14 sides compared with 5.94 ± 0.15, respectively; Fig. 3.9e). In fact, three of

24 string-expressing peripodial clones contained triangular cells (Fig. 3.9d, yellow arrow), which

were not observed in normal (wild-type) cells. These results demonstrate an unforeseen mechanism

by which differential proliferation could influence cell shape and morphogenesis, or alternatively,

cause the abnormal disfigured tissue architecture observed in various forms of proliferative disease.

Errors in cell division interfaces. Abnormal divisions and defective interface formation are known

to occur (Types II and III; see Fig. 3.3g) and can affect topology. Our model is flexible and can

address these defects (see Section 3.11 for details). The main result is that cell shape distributions

are robust to small rates of error in interface formation.

3.9 An analytical form for p∗n

In Section 3.6, we solved numerically for the equilibrium distribution p∗n. But is there an analytical

form for this distribution? Here we shall answer this question affirmatively by using ordinary

generating functions to solve for p∗n. We will find an unexpected reformulation of the Markov chain

that will be quite useful for computing both the equilibrium distribution and its moments.

Theorem 1 Let Xt be the Markov chain for cell shape defined earlier in this chapter and let Yt = Xt − 5.
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initial conditions (Perron–Frobenius theorem)24. We calculated the
exact equilibrium E directly from the matrix T ¼ PS to be approxi-
mately 28.9% pentagons, 46.4% hexagons, 20.8% heptagons and
lesser frequencies of other polygon types (Fig. 2b; see Methods). The
model also predicts that the population of cells should approach this
distribution at an exponential rate. Consequently, global topology
converges to E in less than eight generations, even for initial
conditions where every cell is quadrilateral, hexagonal, or nonagonal
(Fig. 2c). Furthermore, we modelled defective interface formation
between mitotic siblings, and found that E is robust to small error
rates (Supplementary Data).

To validate whether E exists in vivo, we determined the actual
polygon distribution in the developing Drosophila wing. Notably,
empirical counts closely matched E for every major polygon class to
within a few per cent (n ¼ 2,172 cells; Fig. 3a). Only the small
percentage of four-sided cells was unaccounted for, an effect attribu-
table to the mean field approximation (Box 1 and Supplementary
Data). In addition, the variation between individual imaginal discs
was minimal (see error bars for Fig. 3a; see also Supplementary Fig. 2).
Our first-order Markov model can therefore explain global topology in
the Drosophila wing disc epithelium, including the predominance of
hexagons, based on the mechanism of cell division alone. A unique
advantage of this simple model is its generality, particularly given the
conservation of fundamental aspects of adhesion and mitosis in
monolayer epithelia. Consistent with this, we found that polygon
topology in the tadpole tail epidermis of the frog Xenopus (n ¼ 1,051
cells) and in the outer epidermis of the freshwater cnidarian Hydra
(n ¼ 602 cells) also closely approachedE (Fig. 3a). Although the details
of cell division in these organisms remain to be described, we infer
that the same equilibrium topology will emerge in most multicellular
eukaryotes. Indeed, the reported cell topology in plant epidermis is in
remarkably close agreement with our results (25.1% pentagons,
47.4% hexagons and 22.4% heptagons)8.

In addition to predicting the equilibrium topology, our model also

provides a quantitative framework for further insights into epithelial
organization. For example, the model predicts that each cell in the
population must gain an average of one side per cell cycle (Box 1).
Confirming this, we found that the average mitotic cell (at the end of
the cell cycle) possessed not six (5.94 ^ 0.06) but rather seven sides
(6.99 ^ 0.07; Fig. 3b, c; n ¼ 177 mitotic figures). This indicates that
epithelial cells accumulate additional sides until mitosis, at which
time they divide into two daughters of lesser sidedness. Topological
equilibrium is therefore achieved as a balance between autonomous
and non-autonomous division events.

Figure 2 | A robust equilibrium topology in proliferating epithelial cell
networks. a, Schematized Markov chain model representing proliferation
dynamics for polygonal cells. Cells occupy a series of discrete states
representing polygon classes from four to nine sides. To simulate a round of
division, cells either recycle to the same state (curved arrows) or transition to
a new state (straight arrows) according to the probabilities encoded by the
neighbour effect transition matrix T (expressed here as fractions).
Transitions from states s with an equilibrium probability ps , 1024 have
been omitted for clarity. b, Within ten generations, the distribution of
polygonal shapes converges to E, comprising 28.88% pentagons, 46.40%
hexagons, 20.85% heptagons, 3.59% octagons and 0.28% nonagons.
c, Emergence of E regardless of initial conditions where all cells are
uniformly quadrilateral, hexagonal or nonagonal.

Figure 3 | An emergent topological order in proliferating epithelia. a, In
close accordance with the theoretical equilibrium topology (yellow),
Drosophila wing disc (pink, n ¼ 2,172 cells), Xenopus tail epidermis (green,
n ¼ 1,051 cells) and Hydra epidermis (blue, n ¼ 602 cells) all exhibit a
similar non-gaussian distribution of epithelial polygons with less than 50%
hexagonal cells and high (and asymmetric) percentages of pentagonal and
heptagonal cells. Error bars indicate standard deviation between individual
samples. The inset indicates relative phylogenetic positions for Drosophila,
Xenopus andHydra26. b, Prophase cells (marked with anti-phospho-histone
H3; red) stained for cell junctions (Dlg, green) to quantify cell sidedness.
Most mitotic cells are seven-sided. c, Polygonal cells in the Markov model
(predicted, blue) and Drosophila wing disc (empirical, green) have an
average of six sides. The population of mitotic cells is shifted, reflecting an
average of seven sides. d, Cells on the periphery of a string-expressing clone
(green) in the peripodial epithelium have fewer sides. Note the presence of a
triangular cell, not observed under normal circumstances (yellow arrow;
Dlg, red). e, The distribution of polygon types on the periphery of string-
expressing clones (red; n ¼ 295 cells in 24 clones) is shifted to reflect a
predominance of pentagons, and deviates from controls (green, n ¼ 411
wild-type peripodial cells).
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Figure 3.9: Observing the shift in mean shape with differential rates of division. (d) Cells on the periphery of a
string-expressing clone (green) in the peripodial epithelium have fewer sides. Note the presence of a triangular
cell, not observed under normal circumstances (yellow arrow; Dlg, red). (e) The distribution of polygon types
on the periphery of string-expressing clones (red; n = 295 cells in 24 clones) is shifted to reflect a predominance
of pentagons, and deviates from controls (green, n = 411 wild-type peripodial cells).

Then the generating function for Y∗ = limt→∞ Yt is

f (x) =

∞∏
i=1

(
1 +

x − 1
2i

)
.

Moreover, f satisfies the ordinary differential equation (ODE)

f ′(x) = γ(x) f (x), γ(x) ,
∞∑

i=1

1
x + 2i − 1

=
1

x + 1
+

1
x + 3

+
1

x + 7
+ · · ·

This makes it straightforward to recursively compute the equilibrium distribution p∗n and its moments.

Proof: Let T be the probabilistic transition matrix for Xt. Earlier in this chapter, we derived T = PS

as the shifted Pascal matrix with entries

Ti j , Pr
[
Xt+1 = j|Xt = i

]
=

 i − 4

j − 5

 (1
2

)i−4

.

We will ignore the quadrilateral state since it is transient and consider only the states Xt = 5, 6, . . ..

This eliminates the first row and column of T. For convenience, we define Yt = Xt − 5, so that

state 5 is relabeled as state 0. Note that Yt+1|Yt is a Binomial random variable with parameters

n = Yt + 1 and p = 1/2. Recall that a Binomial random variable can be written as the i.i.d. sum of n
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0-1 Bernoulli random variables. Thus the dynamics for Yt can be written as:

Yt+1 =

Yt+1∑
i=1

Bi,

where the Bi are i.i.d. Bernoulli random variables each with success probability q = 1/2. Since this

is a sum of i.i.d. random variables, we can use generating functions to solve for the distribution of

Yt and thus Xt as well. Let ft(x) , E[xYt ] be the generating function for Yt. Using the properties of

generating functions, we can derive a functional recursion for ft(x) as follows:

ft+1(x) = E
[
xYt+1

]
= E

[
x
∑Yt+1

i=1 Bi

]
= EYt

[
E
[
x
∑Yt+1

i=1 Bi

∣∣∣∣Yt

]]
= EYt

Yt+1∏
i=1

E
[
xBi

]
= EYt

[(1 + x
2

)Yt+1]
= EYt

[(1 + x
2

)Yt
]
·

1 + x
2

= ft
(1 + x

2

)
·

1 + x
2

Starting with f0(x) = 1 (a single pentagonal cell) and iterating this recursion yields

ft(x) =

t∏
i=1

(
1 +

x − 1
2i

)
.

Since multiplying generating functions is equivalent to adding the corresponding random variables,

this equation yields an unexpected interpretation: that Yt can be written as the sum of independent

but not identically distributed Bernoulli random variables:

Yt =

t∑
i=1

Bi(qi), qi =
1
2i ,

where qi is the success probability of Bi(qi). Thus Yt is related to the Binomial distribution and has

a simple interpretation: it counts the number of successes in a sequence of t coin flips where the

probability of success for the ith coin is qi = 2−i. Thus, as t increases success becomes increasingly
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unlikely. This representation makes it easy to calculate the moments of the distribution which we

do later on. For now, we shall compute the equilibrium distribution for Y∗ = limt→∞ Yt, whose

generating function is

f (x) = lim
t→∞

ft(x) =

∞∏
i=1

(
1 +

x − 1
2i

)
. (3.2)

The probability distribution for Y∗ can be extracted from the Taylor coefficients {cn} of its generating

function f (x) =
∑

n≥0 cnxn. However, direct computation is cumbersome and so we use a trick to

simplify the algebra. We find an ordinary differential equation (ODE) for f (x) by differentiating

equation (3.2) with respect to x. This gives us

f ′(x) = γ(x) f (x),

where

γ(x) ,
∞∑

i=1

1
x + 2i − 1

=
1

x + 1
+

1
x + 3

+
1

x + 7
+ · · ·

Solving this ODE for f (x) yields

f (x) = e
∫ x

1 γ(x′)dx′ .

To compute the equilibrium probabilities p∗n = cn−5, we need only calculate the Taylor coefficients

of f (x). Since we have an ODE for f (x) (and its derivatives), this is straightforward:

p∗5 = c0 = f (0) =

∞∏
i=1

(
1 −

1
2i

)
= 0.28878809 . . .

p∗6 = c1 =
f ′(0)
1!

= γ(0) f (0) = 0.463994 . . .

p∗7 = c2 =
f ′′(0)

2!
=

1
2

(γ′(0) + γ(0)2) f (0) = 0.2085 . . .

p∗8 = c3 =
f ′′′(0)

3!
=

1
6

(γ′′(0) + 3γ(0)γ′(0) + γ(0)3) f (0) = 0.03591263 . . .

p∗9 = c4 =
f ′′′′(0)

4!
= . . .

The probabilities p∗n are in exact agreement with our numerical computations in Section 3.6. �

�
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Historical remarks. Some historical remarks on the form and uses of the constants used in this

proof are advisable. The infinite product for p∗5 has a known form

p∗5 = 21/24 3

√
1
2

v′1(0,
1
√

2
),

where v1(·, ·) is a Jacobi elliptic function. In addition, γ(0) = 1.6066951524 . . . has connections to

number theory, where it is more commonly known as the Erdõs-Borwein constant α. It represents

the sum of the reciprocals of the Mersenne numbers:

γ(0) = α =

∞∑
n=1

1
2n − 1

=

∞∑
n=1

d(n)
2n ,

where d(n) is the number of divisors of n. αwas first proven irrational by Erdõs in 1948. Both p∗5 and

γ(0) are also fundamental constants in the theory of digital search trees, first developed by Flajolet

and Richmond in 1992 [46].

3.10 Understanding Limitations of the Markov Model

One of the discrepancies between the mathematically predicted distribution and the experimentally

observed distribution is the absence of 4-sided cells in the predicted distribution. The Markov model

allows the creation of 4-sided cells through division, however we assume that at the end of a round

of division each cell has gained exactly one edge. As a result all 4-sided cells become 5-sided in

each round, after gaining edges from neighbors, and thus the model predicts no four sided cells.

In our experimental data, a small fraction of 4-sided cells are observed (2-3%). There are several

potential factors that can explain the difference between the prediction and observation:

1. The experimental data does not represent the end of a round of division, and therefore not all

cells will have gained a neighbor in the current round. Thus one should expect to see some

4-sided cells that have been created through splitting but not gained an edge from a neighbor

yet.

2. In the Markov model, we assume that each cell gains exactly one edge. However in reality a

cell may gain more or less. More precisely, the number of sides added via neighbor division is a

random variable obeying a particular distribution. We proved earlier that this distribution has
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a mean of exactly 1. By using the shift matrix S we are making the mean-field approximation,

i.e. that this mean is “good enough” to calculate the equilibrium distribution. Our experiments

with aged and mitotic cells suggest that the mean-field approximation is reasonable. This

approximation likely adds a small amount of error to the prediction for all cell types, but is

most obvious for 4-sided cells.

3. Our model assumes that all divisions result in the formation of a new interface between the

daughters. However, it is possible that this fails with some small rate as shown in our data on

the occurrence of non-interface forming clones (Figure 3.9e). While we cannot easily measure

the exact rate of failure, we can model the effect of different error rates in interface formation.

We will be able to shed more light on these questions in Chapter 4.

3.10.1 A Sensitivity analysis: Which assumptions is the Markov model sensi-

tive to?

It is important to recognize to which assumptions our Markov model is sensitive and to which ones

it is insensitive:

• No Triangles Assumption. If triangles are allowed, the resulting shape distribution is drasti-

cally different, with over 8% quadrilaterals and less than 34% hexagons. This happens because

triangles can only generate quadrilaterals and other triangles upon division. Since our mean-

field approximation is a simple shift, these triangles and quadrilaterals immediately become

quadrilaterals and pentagons, thus eliminating any possible triangles from the equilibrium

distribution. Thus, in light of these observations, it is crucial that triangles be forbidden to

form.

• Mean-field neighbor approximation. Cells gain an average of one sides from dividing

neighbors. This was the inspiration for our mean-field approximation, encoded by the shift

matrix S. However, if we perturb S by adding noise about the mean of 1, the shape distribution

changes significantly, yielding more quadrilaterals and pentagons and fewer hexagons.

• Errors in interface formation. As mentioned earlier, the model is robust to such errors. We

describe this in more detail in Section 3.11.
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3.11 Modeling defective interface formation

This section handles how we model defective interface formation during division. We define three

types of cell division: Type I, II and III (Figure 3.3g). Type I divisions result in the normal formation

of an interface between daughters while Types II and III are abnormal. Specifically, Type II divisions

results in two daughters but no new interface is formed so they are connected only at a vertex. Type

III divisions similarly have two daughters that fail to form a new interface but also get separated.

3.11.1 How many interface formation errors are there in Drosophila?

In our experimental data on two-cell clones, 94% of the divisions are unambiguously Type I.

However this is a conservative estimate; the remaining cases are not unambiguously Type II/III.

Gibson et al [20] estimate the failure rate as less than 6% and most likely around 2%.

3.11.2 Modeling defective interface formation

While our Markov model is parameterless, it is possible to introduce parameters to investigate

failures in the conditions underlying the model. We introduce a parameter α equal to the probability

that a cell divides without forming a new interface (i.e. Type II or III). Hence with probability 1− α

the cell divides normally, forming an interface between daughter cells (i.e. Type I). Our experimental

data suggests that α is between 2-6%.

We can model this process as a Markov Chain with the division matrix P(α):

P(α) = (1 − α)PI + αPII/III

where PI is the normalized Pascal Matrix defined in the original for Type I divisions (Figure ??a)

and PII/III is a new matrix that accounts for Type II/III divisions wherein a new interface is not

formed. If the two daughters fail to form a new interface then they end up with one less side each.

Thus the number of sides of a daughter in a non-interface forming division is just one less than an

interface-forming one:

PII/III(i, j) = PI(i, j + 1)fori >= 4.
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Thus PII/III looks like PI, but shifted one column to the left (unnormalized):

PII/III =



1

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1


Notice that the new Markov Chain is defined on the state space {3, 4, 5, 6, . . .} because the division of

a 4-sided cell can result in the formation of 3-sided daughters when interface formation fails. The

division transition matrices PI and PII/III have the extra provision that a 3-sided cell divides to form

two 3-sided cells, to avoid the degenerate case of a 2-sided daughter cell.

3.11.3 Modeling Type II division errors

In Type II divisions, the two neighboring cells that are cut by the cleavage plane will gain one side

each, regardless of whether a new interface is formed or not. Thus the shift matrix does not change.

For Type III divisions however, they each may gain an extra side for a total increase of two sides

which we tackle later. For now,

S(α) = SI,

where SI is simply the standard shift matrix from the text.

The overall transition matrix is

T(α) = P(α)S(α),

and by the Perron-Frobenius theorem the overall process

p(t+1) = p(t)T(α)

converges to an equilibrium distribution p∗ where p∗ is the principal eigenvector of T(α). Using

MATLAB, we calculate p∗(α) for several values of α. For small α, as α increases, p∗4 and p∗5 increase

while p∗6, p
∗

7, p
∗

8, p
∗

9 decrease. This leads to a decrease in average sidedness, i.e. s∗(α) < 6 for α > 0.



CHAPTER 3. THE MARKOV APPROXIMATION 40

This is expected since a higher α implies less new sides are formed and thus an overall decrease

in sidedness. At the extreme when α = 1, i.e. an epithelium with purely non-interface forming

divisions, all cells eventually become 4-sided.

3.11.4 Modeling Type III division errors

To take into account Type III divisions, we must modify the shift matrix to allow +2 sides to the

neighboring cells for such divisions. Let pβ = probability that a cell has division type β, where

β ∈ {I, II, III}. A fraction (pI + pII) of cells contribute +1 side to each of their neighbors that are cut by

the cleavage-plane in Type I/II divisions. A fraction pIII of cells contribute +2 to each such neighbor

(see Figure 3.6e). Hence, the new shift matrix is:

S(pI, pII, pIII) = (pI + pII)SI + pIIIS2
I ,

where SI is the original shift matrix.

The division transition matrix P(pI, pII, pIII) is just P(α = 1 − pI). Using P(pI, pII, pIII) and

S(pI, pII, pIII), we can calculate p∗ for several values of pI, pII, and pIII where α = pII + pIII = 6%.

As seen, the distribution remains robust to small errors, whether Type II or Type III. In summary,

• For an error rate of α = 2 − 6%, the equilibrium distribution remains largely unaffected. This

is true for both Type II and III errors. Thus the system is robust to small errors in interface

formation.

• Cases where α = 6% predict that a small percentage of 4-sided cells (∼ 2%) will be formed,

which is consistent with observed percentages of 4-sided cells (∼ 3%).

3.12 Conclusion: Epithelial topology is irregular but not random

The results shown in this chapter and the last strongly suggest that the division mechanism of ad-

herent epithelial cells is not only mathematically sufficient to explain the predominantly hexagonal

topology of epithelia, but also to predict the overall distribution of polygonal cell types. As a result,

epithelial topology is irregular, but not random. Our results indicate that a simple emergent mechanism

determines cell shape, suggesting a means by which epithelia accommodate rapid proliferation

while maintaining uniform structural integrity. The Markov model formulation provides a new
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convenient and flexible framework for investigating other models of cell division, such as different

cleavage plane choices or aberrant cell division. This may be of general utility in understanding

how stochastic behavior at the single cell level manifests in global patterns in a multicellular context.

The next Chapter will attempt to address some of the limitations of the Markov Model. We will

see that full-fledged simulations of the sheet can lead us to new, deeper insights about the nature

of proliferation in epithelia.

3.13 Methods

This section summarizes the experimental and computational methods used in this Chapter. For

further details, see [20].

Confocal time lapse microscopy. We used standard Ringers solution (130mM NaCl, 5mM KCl,

1.5mM MgCl2) as well as Shields and Sang M3 insect media (Sigma-Aldrich; modified with 10%

fetal bovine serum, 10U per ml insulin, 10U per ml penicillin, 10 µg per ml streptomycin) to obtain

movies over culture periods of 1.52 h at maximum.

Clonal analysis and imaging. GFP-expressing clones were induced in flies of the genotype: yw

hs-flp122; Actin5c� Gal4, UAS-GFP/+ with a 15-min heat shock at 37 ◦C followed by a 10-h recovery

period. string-expressing clones were induced in the same genotype with UAS-stg (Bloomington

Stock Center) crossed onto chromosome III. For immunocytochemistry and phalloidin staining,

Drosophila imaginal discs, whole Hydra and Xenopus tail epidermis were fixed in 4% paraformalde-

hyde in PBS. Images were collected on a Leica TCS SP2 AOBS confocal microscope system and

processed using Adobe Photoshop 7.0 software. Polygon distributions. Polygon distributions were

determined by eye in confocal micrographs; error was estimated as the average standard deviation

between counts from different images. Empirically, it was not possible to account systematically for

certain rare but inevitable irregularities in real epithelia, such as occasional four-way point junctions

and dying or grossly misshapen cells. The raw counts for cells of different sidedness are as follows:

Drosophila disc columnar epithelium (4, 64; 5, 606; 6, 993; 7, 437; 8, 69; 9, 3). Hydra (4, 16; 5, 159;

6, 278; 7, 125; 8, 23; 9, 1). Xenopus (3, 2; 4, 40; 5, 305; 6, 451; 7, 191; 8, 52; 9, 8; 10, 2). Drosophila

peripodial controls (4, 11; 5, 106; 6, 198; 7, 86; 8, 10; 9, 0). Drosophila peripodial string clones (only

cells on the clone periphery were scored: 3, 3; 4, 27; 5, 134; 6, 105; 7, 21; 8, 5; 9, 0).
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3.13.1 Counting polygons in the wing imaginal disc

In the thesis we presented average and standard deviation results from counting the polygonal cell

types in fixed Drosophila imaginal discs. Here we present the data from the individual imaginal

discs. The data is from 12 imaginal discs at the third instar larval stage, collected on two separate

days. For each disc we examined an arbitrary region of 100-300 cells in the presumptive blade

(excluding the wing margin territory).

The scoring of late-third instar imaginal disc cells was performed by hand on high-resolution

digital images of regions of the wing blade primordium excluding the wing margin. While scoring

polygon class for most cells was unambiguous, some errors in counting are likely. Images were

ambiguous for a number of reasons:

1. Focal plane effects due to which the septate junction is not clearly resolved.

2. Variation in the length of cell sides.

3. Cells adjoining mitotic cells were distorted, making it difficult to discern cell contacts. Despite

these difficulties, the scored images showed a remarkably consistent distribution with a small

deviation from the average. Importantly, each disc exhibited similar properties: no cells with

less than four sides or more than nine sides were observed, the median cell sidedness was six,

and the percentage of seven-sided cells was always lower than that of five-sided cells.



Chapter 4

Modeling General Cleavage Patterns

The Markov Model in the last chapter made some powerful predictions about cell shape distribu-

tions that were confirmed empirically in several diverse organisms. The apparent universality of

p∗ is surprising and suggests a conserved mechanism by which proliferating epithelial cells make

local decisions about how and when to divide.

And yet the Markov model does have some limitations. As formulated, it assumes that dividing

cells are well-approximated as circles and cleavage planes are chosen uniformly at random from

all diameters that forbid the formation of 3-sided cells (Fig. 3.4). These assumptions are at odds

with empirical findings that show that oriented proliferation patterns (not random divisions) are

crucial for the proper development of the Drosophila wing disc [25, 38, 39]. Also, it is well known

that orthogonal regulation — a type of non-random patterned proliferation — is common in plants,

including Lewis’ cucumber epidermis, which we know exhibits p∗ from the last chapter. In short,

although the Markov model was able to reproduce p∗, there are still aspects of proliferation in

these systems — especially the conflicts with other experimental evidence — that remain poorly

understood.

How is this possible? Could it be that many different proliferation patterns can generate p∗? We

will explore this question and many others in this chapter as we delve deeper into the study of

proliferation patterns. We will find that the Markov approximation made in Chapter 3 was useful,

but that a full-fledged lattice simulation will give us new and deeper insights. Several important

questions arise:

• Are full-fledged lattice simulations of the topological model useful? Or does the Markov

43
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approximation of Chapter 3 capture all important details? (Section 4.2)

• How does the local regulation of cleavage affect the global topology of proliferating epithelia

for more general cleavage patterns? For example, what if cleavage plane choice is affected by the

shapes of neighboring cells? (Section 4.3)

• As mentioned earlier, are there multiple proliferation patterns that generate p∗? If so, how are

these patterns related? Is there an underlying principle that unifies them?

• Can we find deterministic proliferation patterns that reproduce universal shape distribution p∗

If so, how are these patterns related to the stochastic Markov models of Chapter 3?

• Conversely, can we infer properties of local cleavage by observing the global tissue architec-

ture? (Section 4.3)

• For what cleavage patterns is the Markov approximation valid? (Section 4.4)

• Can we prove the existence of an equilibrium distribution for all cleavage patterns? (Section

4.5)

The rest of this chapter is organized as follows:

Sections 4.1-4.2 — Motivating and Defining the Topological Simulation Model. We motivate and

develop a simulation of the dynamics of a 2D proliferating epithelium from generation to gener-

ation, enabling the exploration of a wide variety of biologically plausible cleavage patterns. This

chapter investigates the spatial impact of neighboring cells and the temporal influence of parent

cells on the choice of cleavage plane.

Section 4.3 — Simulation Results. Our findings show that cleavage patterns generate ”signature”

distributions of polygonal cell shape that are independent of initial topology. These signatures

enable the inference of local cleavage parameters such as neighbor impact, maternal influence, and

division symmetry from observations of the distribution of cell shape.

Section 4.4-4.5 — The accuracy of the Markov approximation. We attempt to assess the validity

of the Markov approximation made in Chapter 3 by comparing CPM simulations with the corre-

sponding mathematically predicted shape distributions. We find that the Markov model is more
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elusive than it seems. Simulating the CPM that corresponds to the model in Chapter 3 does not

yield p∗. We investigate why and try to reconcile this discrepancy.

Section 4.6 — Towards proving the Existence of an Equilibrium Shape Distribution. On the

theoretical front, we outline an approach to prove the existence of an equilibrium distribution for a

large class of CPMs, under reasonable assumptions.

Section 4.7 — Supplemental Information. This section contains tables of all the simulated and

empirical shape distribution data. It can be used as a quick reference to compare the many different

distributions and is referenced frequently throughout the rest of this chapter.

We postpone the comparison to empirical data to Chapter 5, where we examine the natural

epithelia of five diverse organisms. As a short preview of results to come, there we will find that

strong division symmetry and moderate neighbor/maternal influence are required to reproduce the

predominance of hexagonal cells and low variability in cell shape seen empirically. Furthermore, we

will present two distinct proliferation patterns that can accurately reproduce the distributions of cell

shape seen empirically. Together, these findings strongly suggest that cleavage plane orientations

are not chosen at random, but instead they are actively regulated to suppress variation in cell shape

and cell area within a proliferating epithelium.

4.1 Why we need simulations

In the last chapter, we developed a stochastic topological model of cell division to better understand

proliferation within the larval wing disc of Drosophila melanogaster [20]. Our model mathematically

predicts the emergence of a specific equilibrium distribution of polygonal cell shapes (p∗), revealing

how local stochastic cellular processes can give rise to predictable global tissue properties.

The distribution p∗was empirically confirmed in the imaginal wing disc of Drosophila melanogaster,

the epidermis of Xenopus laevis and the cnidarian Hydra vulgaris, and also in Lewis’ cucumber epider-

mis (Fig. 1.1C). The apparent universality of p∗ is surprising. Is p∗ the consequence of a conserved

process of cell division specific to proliferating 2D epithelia? Or is it possible that distinct processes

of cell division converge upon the same final distribution of shapes? More generally, how do widely

varying division strategies impact global epithelial organization?
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Despite much experimental and theoretical progress, previous models have limitations that

make it difficult to address these questions. The major difficulty lies in modeling the neighborhood

and lineage dependence in cleavage plane choice. For example, our previous model (Chapter

3) encodes a mean-field approximation that ignores the variable impact of non-autonomous cell

division events on neighboring cells. The mathematical models of Cowan et al. [23] do not account

for neighboring divisions at all: a cell never gains sides from its dividing neighbors. These models

cannot be used to study modes of cell division with any spatial or temporal dependence, both of

which are biologically relevant. For example, cleavage patterns with mother-daughter or neighbor-

neighbor correlations in cleavage plane choice are common [27]. To explore and characterize the

effects of such spatial and temporal dependence in cleavage patterns, a more expressive model is

required.

In this chapter, we present a computational model of cell division that enables us to explore

a much larger class of biologically plausible division models by directly simulating the topology

of a proliferating epithelium from generation to generation. This includes division schemes with

spatial and temporal dependence such as those between neighboring cells and mother-daughter

cells. Given any division model, we can predict the equilibrium distribution of polygonal cell

shapes, along with other tissue-level topological properties. We find that the fraction of hexagons

and the variability in cell shape are both important global indicators of local division parameters

and we show that it is possible to infer these parameters from empirical data. Furthermore, the

model can reproduce with high accuracy the cell shape distribution seen in five diverse organisms,

thus addressing a limitation of our previous model in Chapter 3. Hence, we have generated a means

to formulate and explore some of the central theoretical and experimental questions regarding the

local-to-global regulation of cell shape in proliferating epithelia.

4.2 Simulating Topological Models

We tested the effect of different CPMs on epithelial topology by modulating two major parameters: 1)

The extent to which cleavage plane orientation is directed by the local neighborhood surrounding

the cell; and 2) The symmetry with which a mitotic cell’s neighbors are distributed to the two

daughter cells. Computationally, this is modeled as a two-stage algorithm that first selects a cell

side (Side1) based on local topology and then selects a second side (Side2) based on the symmetry

with which the neighboring cells will be distributed around the presumptive daughters (Fig. 4.1
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CPM

Charitable

Figure 4.1: A cell’s cleavage plane model (CPM) specifies the stochastic rule by which a cell chooses its
cleavage plane for the next division. In this example, the hexagonal mother cell has equal chance of dividing
into two pentagons or one hexagonal and one quadrilateral cell. The other possibility shown is a charitable
strategy wherein the smallest neighbor is chosen for Side1. Note that after division daughter cells lose sides
(on average), while two neighboring cells gain sides (orange). A statistical balance between losing and gaining
sides leads to an equilibrium distribution of cell shape.

and Fig. 4.2). In the final step, cell division occurs through creation of a new side connecting Side1

and Side2.

4.2.1 Simulated Cleavage Plane Models

The first step in the model is selection of Side1, which models the influence of local topology

on cleavage plane orientation. Biologically, the local topology surrounding the cell could impact

cleavage orientation if neighbors with fewer sides were to influence physical properties of the

mitotic cell cortex [30]. The cleavage plane could also be influenced by a historical correlation

between the mother and daughter cleavage plane orientations [27, 26]. To model these effects,

we simulated four strategies for the choice of Side1: Random1, SmallestNbr1, LargestNbr1 and

Orthogonal1 (Fig. 4.2A). The four Side1 strategies are described below (for equations see Section

4.2.2):

• Random. A critical default scenario for cleavage plane orientation is that alignment of the

mitotic spindle proceeds without regard to local epithelial topology. To model this situation,
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A

B

Figure 4.2: Simulating cleavage plane models. (A-B) A CPM is specified by the choice of first edge (A)
and second edge (B). The first edge is shown in red while cleavage planes are shown as dashed green lines.
Probabilities of choosing a cleavage plane are shown adjacent to the second edge.

Side1 is chosen uniformly at random from all cell sides. This strategy mimics a geometric

model where neighbor cells play no significant role in cleavage plane choice.

• SmallestNbr.A second conceivable mechanism for cleavage plane orientation is that the

mitotic spindle apparatus senses local topology and aligns such that the smallest neighbor

will gain a side in the subsequent division. To model this situation, Side 1 is chosen from the

neighbor with the smallest number of neighbors. This strategy topologically mimics the case

where the smallest neighbor exerts the most tension on the cell (through the shared edge) and

the cleavage plane attempts to relieve some of that tension by dividing in its direction.

• LargestNbr.Again we assume that the local topology is sensed by the dividing cell. In contrast

to the SmallestNbrmodel, however, here Side1 is chosen from the neighboring cell with the

largest number of neighbors. This topologically mimics the influence of a physical correlate

of larger neighbor number on cleavage plane orientation.

• Orthogonal. This CPM mimics orthogonal regulation, a strategy known to be common in

plants [27, 26], where the cleavage plane rotates by 90o with each successive cell division.

Topologically, the side that a cell shares with its sister cell from the previous division will be

chosen as Side1.
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A

B

Figure 4.3: Simulating orthogonal regulation. (A) Dynamics of the Orthogonal|EqualSplit CPM for 12
generations with an initial condition of one hexagonal cell. Color encodes polygonal shape. Note that the
areas, angles, and perimeters are not represented. (B) The last two generations (t = 11, 12) are magnified. Note
that polygonal shapes are well-mixed.
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A second important factor in the determination of cleavage plane orientation is manner in which

a mitotic cell’s neighbors are segregated between the two daughter cells. We refer to cell division

strategies that tend to equally segregate the neighbors as symmetric, while divisions that favor

segregating neighbors unequally are asymmetric. After selection of Side1, as described above, the

symmetry of a CPM is governed by the choice of Side2, the second edge of the cleavage plane. We

simulated four strategies for the selection of Side2: Random (indifferent), EqualSplit (maximally

symmetric), Binomial (moderately symmetric), and UnequalSplit (maximally asymmetric), all of

which are illustrated in Fig. 4.2B. The four Side2 strategies are described below (for equations see

Section 4.2.2):

• Random. Side2 is chosen uniformly at random from all edges not adjacent to Side1. Under

this strategy, symmetric cleavage planes are as equally likely to be chosen as asymmetric ones.

• EqualSplit. Side2 is chosen so as to divide a mitotic cell’s tricellular junctions as equally as

possible amongst its two daughters. This strategy mimics a typical geometric model where

cell junctions are (roughly) evenly spaced around the cell and cleavage planes are diameters

that cut the cell into two daughters of approximately equal area.

• Binomial. Side2 is chosen according to a binomial distribution from all edges not adjacent

to Side1. In this strategy, symmetric outcomes are more probable than asymmetric ones. The

geometric equivalent of this topological strategy assumes that junctions are placed uniformly

at random around the cell periphery. Thus each cell junction has equal chance of belonging to

either daughter upon division (provided the cleavage plane does not produce 3-sided cells).

This strategy was modeled mathematically in Chapter 3.

• UnequalSplit. Side2 is chosen such that the cleavage plane divides a cell as unequally as

possible. Under this strategy, an n-sided cell will produce one 4-sided daughter and one n-

sided daughter after division. This is a topological strategy that mimics severely asymmetric

divisions. Though biologically implausible, it will help us assess the impact of division

asymmetry on global tissue topology.

4.2.2 Equations for Simulated CPMs

Here we give the mathematical formulas underlying the Side1 and Side2 models tested in this

paper. Side1 models choose the first edge of a cleavage plane. Let qA(k) denote an n-sided cell’s
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probability of choosing edge k as Side1 under CPM A. Let nk be the number of sides of neighbor k.

In the formulas below, qA(k) = 0 if it is not defined for that k. Then a cell chooses Side1 according to

one of the following equations:

qRandom1(k) =
1
n

qSmallestNbr(k) = 1, k = min
j

n j

qLargestNbr(k) = 1, k = max
j

n j

qOrthogonal(k) = 1, k = last sister cell

Now let k ∈ {0, 1, . . . ,n−1} denote the the k-th clockwise edge on the periphery of an n-sided cell

and without loss of generality, let k = 0 denote the Side1 edge already chosen by the Side1 model

above. For instance, k = 1 and k = n − 1 are the two edges to the left and right of Side1. Let rA(k)

denote the probability of choosing edge k as Side2 under CPM A. In the formulas below, rA(k) = 0

if it is not defined for that k.

rRandom(k) =
1

n − 3
, k , 0, 1,n − 1

rEqualSplit(k) = 1, k =
n
2

rBinomial(k) =

n − 3

k − 2

 (1
2

)n−3

, k , 0, 1,n − 1

rUnequalSplit(k) =
1
2
, k = 1,n − 1.

4.2.3 Simulation methodology

Each pair of Side1 and Side2 algorithms constitutes a distinct CPM, denoted by Side1—Side2. We

simulated each of the 16 possible CPMs for a total of 12 generations of cell division. In each

generation of the simulation, a random ordering of the cells was chosen and each cell’s CPM model

was executed in that order, resulting in each cell dividing once per generation. We simulated many

different initial conditions (a single m-sided polygon for 3 < m < 250). For each initial condition, the

simulation was run 100 times. All simulations yielded 212 = 4, 096 cells. For each simulation, we

recorded the final topological shape distribution and the CPM mean and standard deviation over
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100 trials (Fig. ??A, Supplementary Information Tables 2-4). As an example, the simulation of the

Orthogonal|EqualSplit CPM is shown in Fig. 4.2 along with its equilibrium shape distribution in

Fig. ??D.

4.3 Simulation Results

We can draw several important and surprising conclusions from our simulation models. We found

that local cell division parameters such as charitability and symmetry regulate global cell shape in

remarkably strong ways. Charitable, symmetric CPMs suppressed variation in cell shape, while

greedy, asymmetric CPMs amplified variation in cell shape. All CPMs generated an equilibrium cell

shape distribution: different simulations show very little variation in the shape distribution after

12 generations, over widely different initial conditions. We also found two CPMs that reproduced

topological statistics that are in excellent agreement with empirical distributions from five diverse

epithelia (Figure ??(g)). Surprisingly, the natural and natural-looking simulated distributions had

the lowest variation in cell shape, amongst all simulated CPMs. The rest of this section is devoted

to exploring the details of our main conclusions.

4.3.1 All CPMs generate a signature distribution of cell shapes

Previous work suggests that proliferating epithelia with a specific CPM will converge to an equi-

librium distribution of polygonal cell shapes (5, 6). Whether this holds true for every possible

Side1|Side2 CPM remains an important question. Intriguingly, we found that simulations of a com-

pletely random CPM (Random|Random) and a completely deterministic CPM (Orthogonal|EqualSplit)

both converged to distinct equilibrium topologies (Fig. 4.5). Further, the standard deviation in the

percentage of hexagons was less than 0.5% for both CPMs over widely varying initial conditions,

and similar results were obtained with the 14 other CPMs, though maximally uncharitable strategies

showed larger variability. Together, these findings indicate that independent of the initial epithelial

network, all CPMs converge to a predictable, fixed distribution of topological cell shapes in the

epithelium. The intuition behind this phenomenon is that the initial network conditions become

statistically insignificant as the number of cells expands exponentially through division. Essentially,

initial conditions are “washed” away by division: daughter cells are, on average, half the number
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Figure 4.4: Convergence of proliferating epithelia to an equilibrium distribution. Steady-state shape distribu-
tions for all simulated CPMs.
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A B C

Figure 4.5: Convergence of proliferating epithelia to an equilibrium distribution irrespective of CPM and initial
conditions. (A-B) Equilibrium cell shape distributions for (A) the stochastic Random|Random CPM and (B)
the deterministic Orthogonal|EqualSplit CPM with an initial condition of a single cell with S0 sides, where
S0 ranges from 4 to 250 sides.

of sides of the parent cell plus two. This halving results in short memory: a cell’s number of sides

really only depends on the last few divisions. Thus, initial conditions are forgotten, resulting in an

equilibrium distribution.

4.3.2 Hexagonal frequency and shape variance characterize cleavage patterns

Following Euler’s Theorem and ignoring boundary effects (§4.3.4), every CPM described herein

must converge at an exponential rate to a mean shape of 6 sides [18, 19, 20]. Thus, once a given

CPM achieves equilibrium, the mean number of sides per cell reveals little information about the

generating CPM so long as the CPM is sufficiently charitable (Fig. 4.6A, §4.3.4). In contrast, the

equilibrium variance clearly distinguishes between CPMs, along with the percentage of hexagons

and quadrilaterals in the population (Fig. 4.6B). These statistics vary significantly from CPM to CPM,

strongly correlating with key properties of the Side1 and Side2 algorithms we term charitability

and symmetry. Each division event splits one cell into two daughters with fewer neighbors and

simultaneously bisects the sides of two cells neighboring the mitotic mother, increasing their number

of sides. Charitability simply refers to the tendency of the Side1 algorithm to confer additional sides

to neighbors with fewer sides (Fig. 4.2A, upper right and Fig. 4.2B, SMALLEST NEIGHBOR1).

Symmetry refers to the tendency of the Side2 algorithm to create two daughter cells with equal

numbers of neighboring cells (e.g. Fig. 4.2B, EqualSplit). On a broad level, our findings indicate

that high symmetry and charitability suppress cell shape variability; there is also evidence to suggest that

a CPM can trade off charitability for symmetry (or vice versa) and generate roughly the same cell
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Figure 4.6: Characterizing CPMs by their hexagonal fraction, mean and variability. (A) Hexagonal fraction
p∗6 vs. mean shape. Higher hexagonal frequency is correlated with a mean closer to 6 and (B) with lower
shape variability as measured by shape standard deviation. Natural data shown in green. (C) The fraction
of hexagons in the equilibrium shape distribution for all simulated CPMs. Rows and columns correspond to
the choice of first and second edge, respectively, and colors encode the resulting fraction of hexagons after
generation 12.

shape distribution.

4.3.3 Symmetric, Charitable cleavage patterns amplify percentage of hexagons

and suppress variation in cell shape

Our analysis suggests that two main factors affect cell shape variability: (1) the degree of division

symmetry and (2) the degree of division charitability. There is also evidence suggesting that a CPM

can trade off charitability for symmetry (or vice versa) and generate roughly the same cell shape

distribution.

Symmetric divisions. Our topology simulation results reveal a strong correlation between the

degree of division symmetry and the number of hexagons in the population. For every Side1 algo-

rithm tested, the percentage of hexagons in the population increased with increasingly symmetric

Side2 CPMs (Fig. 4.6C). This increase in hexagons was accompanied by a substantial decrease in

the variance (Fig. 4.4, Fig. 4.6B). Consistent with this result, strongly asymmetric CPMs yielded an

equilibrium distribution with a mode of 4 or 5 sides, while symmetric CPMs yielded a mode of 6

sides (Table 4.7). This suggests that symmetry may be critical to maintain the majority of hexagonal

cells observed in most natural epithelia.

Charitable divisions. The degree of charitability in the Side1 CPM also had a noteworthy effect

on the percentage of hexagons in the population. For every Side2 algorithm tested, increasingly

charitable Side1 CPMs led to an increased percentage of hexagons and a correspondingly lower
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variance (Fig. 4.4A,Fig. 4.6A-B). These simulations reveal some complexities overlooked by our

earlier Markov chain model [20], which assumes binomial symmetry but approximates the effect

of neighbor correlations using a mean-field assumption. If we now assume a binomially sym-

metric Side2 CPM, the Side1 CPM model must have high charitability (SmallestNbr|Binomial)

in order to produce a fraction of hexagons close to that observed in natural epithelia (> 40%).

Intriguingly, a percentage of hexagons close to natural epithelia can be created by another CPM

(Orthogonal|EqualSplit) that has lower charitability, but only when the Side2 algorithm is max-

imally symmetric. This is addressed in further detail in the next Chapter. In sum, the interplay

between division symmetry and charitability is a critical determinant of both variance and the

percentage of hexagonal cells within a given epithelium.

Minimum and Maximum Variance Models. The CPM that minimized the variance in topological cell

shape was SmallestNbr|EqualSplit, which is both maximally charitable and maximally symmetric.

This CPM maximized the percentage of hexagonal cells (p6 = 58%), minimized the variance (σ = 0.73

sides), and prevented any quadrilateral cells from being formed (p4 = 0%). At the opposite end of the

spectrum is LargestNbr|UnequalSplit, a biologically implausible strategy that is both maximally

uncharitable and maximally asymmetric. It generated the maximum equilibrium variance (σ = 3.41

sides), minimal fraction of hexagonal cells (p6 = 0.2%), and maximum fraction of quadrilateral cells

(p4 = 97.2%). These CPMs represent the two extremes in terms of equilibrium variance and the

percentage of hexagonal cells (Fig. 4.4, Table 4.7). It is interesting to note that we were not able to

find a CPM that generates more than 60% hexagonal cells.

4.3.4 Boundary effects in equilibrium mean shape

Previously we showed that the mean shape of an epithelium should converge quickly to hexagonal.

This result was dependent on boundary affects being small, which in turn depended on roughly

isotropic expansion of clones. Mathematically speaking, the boundary effects can be quantified as

the distance from 6 of the steady state mean:

E = 6 − µ∗,

where E is the ratio of the number of edges on the boundary to the number of cells in the sheet (i.e.

a topological measure of perimeter to area ratio). The LargestNbr|UnequalSplit CPM generated

a steady state mean of µ = 4.83 while SmallestNbr|EqualSplit and Orthogonal|EqualSplit both
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        n             

CPM (Side1|Side2) 3 4 5 6 7 8 9 10 11 12 

SMALLESTNBR | EQUALSPLIT 0.00% 0.08% 23.45% 57.38% 16.39% 2.45% 0.22% 0.02% 0.00% 0.00% 

ORTHOGONAL | EQUALSPLIT 0.00% 2.36% 26.25% 46.53% 21.03% 3.55% 0.27% 0.01% 0.00% 0.00% 

SMALLESTNBR | BINOMIAL 0.00% 5.27% 27.06% 41.88% 18.24% 5.57% 1.50% 0.35% 0.09% 0.02% 

RANDOM | EQUALSPLIT 0.00% 8.04% 29.87% 33.80% 19.19% 6.83% 1.84% 0.35% 0.06% 0.01% 

SMALLESTNBR | RANDOM 0.00% 9.99% 29.82% 33.10% 15.51% 6.57% 2.78% 1.20% 0.54% 0.28% 

ORTHOGONAL | BINOMIAL 0.00% 11.90% 29.19% 28.14% 17.46% 8.42% 3.27% 1.14% 0.35% 0.10% 

RANDOM | BINOMIAL 0.00% 18.43% 27.67% 23.34% 15.06% 8.26% 4.06% 1.87% 0.80% 0.32% 

ORTHOGONAL | RANDOM 0.00% 19.85% 29.21% 21.15% 13.06% 7.54% 4.12% 2.24% 1.25% 0.71% 

SMALLESTNBR | UNEQUALSPLIT 0.00% 21.54% 32.41% 20.92% 10.29% 5.51% 3.04% 1.91% 1.23% 0.83% 

RANDOM | RANDOM 0.00% 26.98% 26.86% 18.08% 11.00% 6.56% 3.90% 2.43% 1.46% 0.94% 

ORTHOGONAL | UNEQUALSPLIT 0.00% 34.99% 25.70% 14.27% 7.98% 5.07% 3.28% 2.23% 1.58% 1.13% 

RANDOM | UNEQUALSPLIT 0.00% 42.58% 23.82% 11.88% 6.44% 4.11% 2.69% 1.88% 1.38% 0.95% 

LARGESTNBR | EQUALSPLIT 0.00% 46.65% 27.01% 9.77% 3.96% 2.21% 1.64% 1.30% 1.15% 0.94% 

LARGESTNBR | BINOMIAL 0.00% 60.35% 18.55% 6.56% 3.13% 1.95% 1.36% 1.04% 0.82% 0.70% 

LARGESTNBR | RANDOM 0.00% 78.02% 10.23% 3.50% 1.76% 1.06% 0.76% 0.54% 0.42% 0.33% 

LARGESTNBR | UNEQUALSPLIT 0.00% 99.30% 0.06% 0.04% 0.03% 0.03% 0.02% 0.02% 0.02% 0.01% 

 

Figure 4.7: The shape distribution data for the simulated CPMs, sorted by fraction of hexagonal cells. Each data
point is a result of 100 simulations, each with 12 generations of division and 4,096 cells. Modes of distributions
are shown in red. Hexagonal frequencies are shown in bold. As division becomes more symmetric and
charitable, the hexagonal fraction increases and eventually becomes the mode of the distribution.

hadµ = 5.98. This confirms that boundary effects are very important in the LargestNbr|UnequalSplit

CPM, while they are negligible in the other two.

4.4 Evaluating the Markov Model: Why is Random|Binomial’s

shape distribution so different from p∗?

In Chapter 3, we posited that the ∗|Binomial CPM was at work in the Drosophila wing disc, where

∗ was left unspecified. We did not distinguish between different orientations, i.e. different algo-

rithms for the choice of Side1. Using our simple mean-field Markov approximation model T = PS,

we predicted the equilibrium distribution and it was in excellent agreement with empirical ob-

servations. However, we report here that a naive translation of that mathematical model into the

Random|Binomial CPM does not generate p∗. Indeed, the distribution generated by this CPM has



CHAPTER 4. MODELING GENERAL CLEAVAGE PATTERNS 58

a significantly larger shape variance than that observed empirically:

p∗RANDOM-BINOMIAL = [18.43%, 27.67%, 23.34%, 15.06%, 8.26%, 4.06%].

The mode is pentagonal and there are only 23% hexagons, compared to 46% seen empirically.

Note also the large number of quadrilaterals (18% vs. 2% seen empirically). In short, the

Random|Binomial CPM is inconsistent with empirical data. The Markov approximation’s equi-

librium distribution, on the other hand, was quite close to p∗:

p∗MARKOV = [0%, 28.88%, 46.40%, 20.85%, 3.59%, 0.28%, ].

Thus, the Markov approximation is either invalid or highly inaccurate. Where does it go wrong?

Note that the only approximation in T = PS is the shift matrix S. The matrix P, in contrast, is

exact and represents the symmetry of the CPM. This suggests that perhaps the assumption of

Side1=Random is too noisy, rendering the shift matrix approximation invalid. If this is so, then we

can ask: Are there are other ∗|Binomial CPMs that can reproduce p∗? If so, can we link them to the

Markov approximation above?

We have found one such CPM: SmallestNbr|Binomial. This CPM is maximally charitable and

moderately symmetric. Its shape distribution is similar to p∗:

p∗SMN—BINOMIAL = [5.27%, 27.06%, 41.88%, 18.24%, 5.57%, 1.50%, 0.35%],

but it is not a perfect match: there are too many quadrilaterals and too few hexagons. Still, it

is reasonably accurate, off only by a few percentage points (see Section 5.3.3 for more details on

other related CPMs). This suggests that the Markov approximation might be better suited to highly

charitable CPMs. We will test this hypothesis further in the next section.

4.5 Connection between Markov approximation and Simulation

models

As we saw in the last section, the Markov approximation for the Random|Binomial CPM is quite

inaccurate, whereas it seems reasonable for the more charitable SmallestNbr|BinomialCPM. When
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is the Markov approximation accurate? To answer this question, in this section we compare the

accuracy of the Markov approximations (TA = PASA for a given CPM A) used in chapter 3 to

the CPM simulations in chapter 4. We also introduce a new type of Markov approximation that

attempts to address some of the limitations of the old Markov approximation. We label these three

models Type A,B and C and we will compare shape distribution data from all three:

• Type A: CPM Simulations (Chapter 4). These simulations simulate proliferation in an ep-

ithelium generation by generation and were the main subject of this chapter. These are the

most accurate of all three models.

• Type B: Markov approximation with transition matrix estimated from CPM simulations.

Here we run the CPM simulations mentioned above and estimate the probabilistic shape

transition matrices by counting the number of transitions from i to j sides. This should be a

better approximation than the Markov model of Chapter 3, but this must be tested. This type

of approximation accounts for orientation-sensitive information (i.e. it distinguishes between

different Side1 algorithms). This is the first time we have explored this approximation in this

thesis.

• Type C: Markov approximation with transition matrix (Chapter 3). The crucial assump-

tion here was the mean-field approximation, represented by the Shift Matrix. This ap-

proximation is orientation-ambiguous, meaning that it does not distinguish between dif-

ferent Side1 algorithms. For example, it cannot distinguish between Random|Binomial and

SmallestNbr|Binomial. Indeed, we will find that the shift matrix approximation is invalid

for the CPMs we encounter in this chapter.

We expect that the models, ordered from highest to lowest accuracy, should be: Type A (by

definition), followed by Type B and Type C.

4.5.1 Approximating the shape distributions of highly charitable CPMs

Earlier, we found that the Type C Markov approximation greatly underestimates the variance of the

shape distribution generated by the Random|BinomialCPM. This is due to the zero variance mean-

field approximation (the Shift Matrix). The question arises: What if the mean-field approximations

implied by the Shift Matrix are better suited to more charitable CPMs like SmallestNbr|∗? This seems

reasonable since we observed earlier in this chapter that charitable CPMs seem to strongly suppress
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variability in cell shape. To test this hypothesis, we will examine the Type A, B, and C approxi-

mations for the following highly charitable CPMs: SmallestNbr|Random, SmallestNbr|Binomial

and SmallestNbr|EqualSplit.

Type A refers to the simulation models from Chapter 4, while Type C refers to the mean-field

approximations of Chapter 3. Type B models are new and we include them in this analysis to

determine whether we can find an accurate middle ground between Type A and Type C models.

Since we have yet to use Type B models in this thesis, we shall describe them in more detail.

Computing the Type B approximation. For each CPM A, we recorded from simulation the

conditional distributions fA(S = s|X = n), where n ∈ {4, 5, 6, . . .} and s ∈ {0, 1, 2, . . .}. In words,

fA(S = s|X = n) is the estimated probability that an n-sided cell governed by CPM A gains exactly s

sides by neighbor divisions. For the three charitable CPMs we tested, the conditional distributions

are (n is the row index, s the column index):

fSMN−RANDOM(S = s|X = n) =



0.188 0.487 0.293 0.031 0.002

0.338 0.472 0.167 0.02 0.004

0.542 0.321 0.113 0.023 0.001

0.572 0.258 0.124 0.039 0.007

0.519 0.343 0.111 0.019 0.009

0.5 0.325 0.15 0.025 0

0.4 0.45 0.05 0.05 0.05



fSMN−BINOMIAL(S = s|X = n) =



0.115 0.455 0.374 0.052 0.002

0.31 0.51 0.154 0.026 0.001

0.608 0.275 0.098 0.015 0.003

0.605 0.302 0.078 0.016 0

0.597 0.29 0.097 0 0.016

0.625 0.313 0 0.063 0

0.5 0 0.25 0.25 0
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fSMN−EQUALSPLIT(S = s|X = n) =



0 0.408 0.51 0.079 0.002

0.26 0.572 0.153 0.015 0.001

0.664 0.26 0.066 0.009 0.001

0.836 0.164 0 0 0

1 0 0 0 0


For example, the chance that a 4-sided cell gains 2 sides under the SmallestNbr|EqualSplit CPM

is estimated to be 51%. (Note that the SmallestNbr|EqualSplit CPM did not generate any 9- or

10-sided cells and thus two rows are omitted in fSMN−EQUALSPLIT(S = s|X = n).) To compute the

shape distribution from the Type B Markov approximation, we first need to use the fA(S = s|X = n)

to compute the shift matrices SA, whose entries SA(n,m) represent the probability that an n-sided

cell has m sides after counting contributions from neighbor divisions. Mathematically,

SA(n,m) = fA(S = m − n|X = n),

where m ≥ n and m,n ∈ {4, 5, . . .}. The three resulting shift matrices are quite different from each

other, suggesting that no single shift matrix could possibly work well for all three tested CPMs. This

hints that the mean-field approximation we used in Chapter 3 is invalid and will lead to highly

inaccurate shape distributions (see below).

But perhaps we can compute better approximations by using the simulation-derived shift ma-

trices in conjunction with the mathematically-derived division matrices? This is, in fact, the Type B

approximation model. Its shape distribution is computed as:

p∗A = 1st eigenvector of TA = PASA,

where PA is the division matrix for CPM A (known exactly). We compare the shape distributions

resulting from the Type B approximation with those of Type A simulations and Type C Markov

approximations. We find a close match between Type A and Type B models for all three tested

CPMs, whereas the accuracy of Type C models is highly variable and depends on the CPM being

approximated:

p∗A-SMN-RANDOM = [9.99%, 29.82%, 33.10%, 15.51%, 6.57%, 2.78%, 1.20%]
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p∗B-SMN-RANDOM = [7.78%, 31.53%, 37.69%, 15.68%, 4.87%, 1.89%, 0.55%]

p∗C-SMN-RANDOM = [0.00%, 36.79%, 36.79%, 18.40%, 6.13%, 1.53%, 0.36%]

p∗A-SMN-BINOMIAL = [5.27%, 27.06%, 41.88%, 18.24%, 5.57%, 1.50%, 0.35%]

p∗B-SMN-BINOMIAL = [3.66%, 28.35%, 46.64%, 15.99%, 4.44%, 0.76%, 0.17%]

p∗C-SMN-BINOMIAL = [0.00%, 28.88%, 46.40%, 20.85%, 3.59%, 0.27%, 0.01%]

p∗A-SMN-EQUALSPLIT = [0.08%, 23.45%, 57.38%, 16.39%, 2.45%, 0.22%, 0.02%, ]

p∗B-SMN-EQUALSPLIT = [0.00%, 25.33%, 57.21%, 15.45%, 1.84%, 0.16%, 0.01%]

p∗C-SMN-EQUALSPLIT = [0.00%, 0.00%, 100.00%, 0.00%, 0.00%, 0.00%, 0.00%]

The Type C approximation is completely inaccurate for SmallestNbr|EqualSplit, but is reasonably

accurate for SmallestNbr|Binomial and to a lesser extent for SmallestNbr|Random. The Type B

approximations are much more accurate, suggesting that the neighborhood dependence is well-

captured by the simulation-generated shift matrices. Despite the success of Type B approximations

for charitable CPMs, they seem not to do as well for less charitable CPMs such as Random|Binomial.

To handle these CPMs, in the next section we propose a new type of Markov approximation model

that more explicitly takes into account neighborhood dependence.

4.6 Towards A Better Markov Model: Incorporating Neighbor-

hoods into the State Space

In the last section, we found Type C models consistently underestimated shape variance, suggesting

to us that the variance in neighbor contributions is crucial to accurate modeling. The Type B

approximations were much better on charitable CPMs but still had poor accuracy for less charitable

CPMs. Still, they give us valuable hints about how to proceed. In this section, we will introduce a

new, more general, type of Markov approximation for a proliferating epithelia that will alleviate the

problems with the shift matrix. Using this new model, we will develop the beginnings of a proof

of the claim that a large class of CPMs are guaranteed to converge to an equilibrium shape distribution

irrespective of initial topology. This is an important theoretical direction to pursue as it supports the
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inferences we will make in the next chapter. The key idea behind our approach will be to model

the shape of a cell’s entire local neighborhood as a discrete-state discrete-time Markov Chain. This is

an important conceptual point so let us focus in on it more closely.

4.6.1 Introducing a more general Markov model

The main idea of Chapter 3 was to model the polygonal shape dynamics of a randomly chosen cell

as a discrete-time discrete-state Markov chain. In this model, a cell’s state is simply its number

of sides and its probability of transitioning from state i to state j upon division is determined by

its CPM. In contrast, the main idea of this Chapter has been to do away with the approximations

and model the entire epithelium, division by division and generation by generation. In the latter

regime, there are no approximations and the “state” of this “Markov chain” is simply the topology

of the entire epithelium. (I use quotes because this is technically not a Markov chain since the state

space is growing with time.) These two approaches are, effectively, at two ends of the spectrum of

possible Markovian simulations.

In this chapter, we hope to find a middle ground between these two extremes. We will broaden

the notion of a cell’s state beyond its polygonal shape to include the topology of its local neighborhood

— defined as all cells that are at most r hops away — where r is a fixed non-negative integer. Thus,

we have expanded the state space of the Markov chain to include the set of all possible local r-

hop neighborhoods. Of course, this state space can be huge even for small values of r due to its

combinatorial nature, but it is still fixed (assuming no cells can have more than M sides, where M

is a constant). In this framework, as cells and their neighbors divide, they will perform a random

walk on this much larger state space of neighborhoods. More concretely, consider a single cell with

its r-hop neighborhood as the state of the chain. After a round of divisions, the r-hop neighborhood

of a randomly chosen daughter is the new state of the chain. Thus, as the epithelium proliferates,

the chain executes a random walk on the set of all r-hop neighborhoods.

Consider some special cases. If r = 0 the new Markov Chain reduces to that of Chapter 3. If

r = 2t it reduces to the simulation model of Chapter 4, as desired. To insure that we have a true

Markov chain, we must require that r be a fixed integer (i.e. r can be large but it cannot depend on

time).

Despite the much larger state space, it is important to recognize that this new Markov chain is

still an approximation. In fact, no fixed value of r can guarantee perfect accuracy since there are
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always correlations, albeit vanishingly small, between distant cells in an epithelium. (Formally,

we conjecture that the shape correlations between cells greater than r hops away from each other

are exponentially small in r.) Still, the accuracy of the approximation can be made arbitrarily high,

simply by increasing r. This comes at the cost of blowing up the state space and thus slowing down

the mixing time of the chain. But this is acceptable for our theoretical purposes, since a slower

convergence rate does not affect whether an equilibrium shape distribution exists.

Given our new Markov model, can we use it to compute equilibrium distributions? The power of

this “middle ground” approximation is that it can capture much of the cell-cell correlations that the

mean-field approximation ignored. Indeed, we found in the last section that Type C models are

notoriously bad at approximating equilibrium shape distributions. But despite the accuracy of our

new model, it has a major limitation: it cannot be easily simulated. The state space is so large that it

becomes computationally intractable for all but very small values of r. And so the CPM simulations

of Chapter 4 are still our best approach for computing equilibrium shape distributions, although the

new Markov chains are the best way to prove they exist. A summary of the differences between the

three different types of models addressed in thesis are shown in Table 4.8.

4.6.2 Towards a Proof of the Existence of an Equilibrium Shape Distribution

Here we outline a plan for proving the existence of an equilibrium shape distribution for all CPMs

(under certain weak conditions). To complete our task successfully, we must show that the new

Markov chain satisfies the two technical conditions of irreducibility and aperiodicity. If it does, then

by the Perron-Frobenius theorem [13], an equilibrium distribution over all r-hop neighborhoods exists.

Note, however, that in this thesis we only outline the roadmap for such a proof. The intuition is

clear, but a rigorous proof still remains to be found and is thus left for future work.

Let q(t)
j be the probability of the chain landing in neighborhood j at generation t and let p(t)

n be

the probability that the central cell of the current neighborhood has n sides. Then, by the Law of

Total Probability, we have

p(t)
n =

∑
j∈Ωn(r)

q(t)
j ,

where the index j runs over Ωn(r), all r-hop neighborhoods with an n-sided central cell. This

marginalization is the crux of the proof. If we can show that q(t)
j → q∗j, where q∗j is the equilibrium
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Aspects of 
Model 

r=2t 
Simulation 

Model (Ch. 4) 
r-hop Markov 

Model 
0-hop Markov Model 

(Ch. 3) 

Epithelial 
representations Topological Topological, Markov Topological, Markov 
Simulation 
Modes Division only Division only Division only 

Notion of Time generations generations generations 
Division 
probability all cells divide all cells divide all cells divide 
Side1 arbitrary arbitrary unspecified 

Side2 arbitrary Arbitrary Binomial 

Initial 
conditions 1 hexagonal cell  arbitrary arbitrary 
Boundary 
conditions N/A N/A N/A 

 
Figure 4.8: A summary of the differences between the Markov model of Chapter 3, the new r-hop Markov
model, and the simulation model of Chapter 4.

probability (if it exists) of being in neighborhood j, then we can also write

p∗n =
∑

j∈Ωn(r)

q∗j,

by invoking continuity. This means that the convergence of the r-hop neighborhood chain implies

the convergence of the marginalized chain to some equilibrium shape distribution. Thus, if we can

show that such a q∗ exists, we know that p∗ must also exist and we are done.

But proving the irreducibility and aperiodicity of the former chain is difficult due to the com-

plexity of the graph. However, proving aperiodicity may be much simpler for stochastic CPMs

that choose cleavage planes based on neighbors at most 1 hop away. For these types of CPMs, it is

difficult to imagine a stochastic rule that could generate periodic behavior. Indeed, the randomness

inherent in the cells’ division order alone would almost surely destroy any such periodicity and so

we claim that assuming aperiodicity for the CPMs we have simulated in this thesis is a rather weak

assumption. Still, this is not a rigorous proof and we leave it for future work.
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4.7 Supplemental Information

4.7.1 Simulated CPM Shape Distribution Data

   n      

CPM (Side1 | Side2)  3 4 5 6 7 8 9 10 11 12 

RANDOM | RANDOM 0.00% 26.98% 26.86% 18.08% 11.00% 6.56% 3.90% 2.43% 1.46% 0.94% 

RANDOM | BINOMIAL 0.00% 18.43% 27.67% 23.34% 15.06% 8.26% 4.06% 1.87% 0.80% 0.32% 

RANDOM | EQUALSPLIT 0.00% 8.04% 29.87% 33.80% 19.19% 6.83% 1.84% 0.35% 0.06% 0.01% 

RANDOM | UNEQUALSPLIT 0.00% 42.58% 23.82% 11.88% 6.44% 4.11% 2.69% 1.88% 1.38% 0.95% 

ORTHOGONAL | RANDOM 0.00% 19.85% 29.21% 21.15% 13.06% 7.54% 4.12% 2.24% 1.25% 0.71% 

ORTHOGONAL | BINOMIAL 0.00% 11.90% 29.19% 28.14% 17.46% 8.42% 3.27% 1.14% 0.35% 0.10% 

ORTHOGONAL | EQUALSPLIT 0.00% 2.36% 26.25% 46.53% 21.03% 3.55% 0.27% 0.01% 0.00% 0.00% 

ORTHOGONAL | UNEQUALSPLIT 0.00% 34.99% 25.70% 14.27% 7.98% 5.07% 3.28% 2.23% 1.58% 1.13% 

SMALLESTNBR | RANDOM 0.00% 9.99% 29.82% 33.10% 15.51% 6.57% 2.78% 1.20% 0.54% 0.28% 

SMALLESTNBR | BINOMIAL 0.00% 5.27% 27.06% 41.88% 18.24% 5.57% 1.50% 0.35% 0.09% 0.02% 

SMALLESTNBR | EQUALSPLIT 0.00% 0.08% 23.45% 57.38% 16.39% 2.45% 0.22% 0.02% 0.00% 0.00% 

SMALLESTNBR | UNEQUALSPLIT 0.00% 21.54% 32.41% 20.92% 10.29% 5.51% 3.04% 1.91% 1.23% 0.83% 

LARGESTNBR | RANDOM 0.00% 78.02% 10.23% 3.50% 1.76% 1.06% 0.76% 0.54% 0.42% 0.33% 

LARGESTNBR | BINOMIAL 0.00% 60.35% 18.55% 6.56% 3.13% 1.95% 1.36% 1.04% 0.82% 0.70% 

LARGESTNBR | EQUALSPLIT 0.00% 46.65% 27.01% 9.77% 3.96% 2.21% 1.64% 1.30% 1.15% 0.94% 

 
Figure 4.9: Distribution data for simulated CPMs. Each data point is a result of 100 simulations, each with
12 generations of division and 4,096 cells. Modes of distributions are shown in red. This data supports the
existence of an equilibrium distribution that is independent of initial conditions.
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CPM (Side1 | Side2) 3 4 5 6 7 8 9 10 11 12 

RANDOM | RANDOM 0.0% 0.6% 0.8% 0.5% 0.5% 0.4% 0.3% 0.3% 0.2% 0.2% 

RANDOM | BINOMIAL 0.0% 0.6% 0.6% 0.7% 0.5% 0.4% 0.3% 0.2% 0.1% 0.1% 

RANDOM | EQUALSPLIT 0.0% 0.5% 0.7% 0.7% 0.5% 0.4% 0.2% 0.1% 0.0% 0.0% 

RANDOM | UNEQUALSPLIT 0.0% 0.5% 0.6% 0.4% 0.4% 0.3% 0.2% 0.2% 0.2% 0.2% 

ORTHOGONAL | RANDOM 0.0% 0.5% 0.7% 0.5% 0.5% 0.4% 0.3% 0.2% 0.2% 0.1% 

ORTHOGONAL | BINOMIAL 0.0% 0.4% 0.7% 0.6% 0.6% 0.4% 0.2% 0.2% 0.1% 0.0% 

ORTHOGONAL | EQUALSPLIT 0.0% 0.2% 0.5% 0.8% 0.6% 0.3% 0.1% 0.0% 0.0% 0.0% 

ORTHOGONAL | UNEQUALSPLIT 0.0% 0.4% 0.6% 0.5% 0.4% 0.3% 0.3% 0.2% 0.2% 0.2% 

SMALLESTNBR | RANDOM 0.0% 0.5% 0.8% 0.7% 0.5% 0.3% 0.3% 0.2% 0.1% 0.1% 

SMALLESTNBR | BINOMIAL 0.0% 0.3% 0.6% 0.6% 0.5% 0.3% 0.2% 0.1% 0.1% 0.0% 

SMALLESTNBR | EQUALSPLIT 0.0% 0.0% 0.5% 0.8% 0.5% 0.2% 0.1% 0.0% 0.0% 0.0% 

SMALLESTNBR | UNEQUALSPLIT 0.0% 0.3% 0.4% 0.5% 0.4% 0.3% 0.2% 0.2% 0.2% 0.1% 

LARGESTNBR | RANDOM 0.0% 3.4% 1.6% 0.6% 0.4% 0.2% 0.2% 0.1% 0.1% 0.1% 

LARGESTNBR | BINOMIAL 0.0% 5.4% 2.4% 1.2% 0.7% 0.4% 0.3% 0.2% 0.2% 0.2% 

LARGESTNBR | EQUALSPLIT 0.0% 5.7% 2.6% 1.4% 0.7% 0.5% 0.4% 0.4% 0.3% 0.2% 

LARGESTNBR | UNEQUALSPLIT 0.0% 0.1% 0.1% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 

 
Figure 4.10: Standard deviation of distribution data for simulated CPMs. Each data point is a result of
100 simulations, each with 12 generations of division and 4,096 cells. Large standard deviations (exceeding
1.0%) are shown in blue. Most standard deviations are small, indicating that each division rule (CPM)
generates a signature distribution with little variability. Rules with maximally uncharitable division strategies
(LargestNbr Side1 strategy) exhibit the largest variability in equilibrium shape frequency, due to the unstable
nature of the rule.



Chapter 5

Comparison to Empirical Data

Every developmental biologist hopes to infer how cells make decisions during an organism’s

development. Ideally, there exists an observable that is easily measured and that can shed light on

the regulatory properties of interest. Finding useful observables — whether it be the concentration

of some gene product or the tension in some membrane or the bound fraction of some receptor —

is a developmental biologist’s dream.

Fortunately, in our study of proliferating epithelia, we already have such a useful observable: the

distribution of polygonal cell shapes. As we discovered in the last two chapters, shape distributions

serve as signatures, revealing in their statistics the important local properties that govern how cells

choose to divide. The most important observables are the hexagonal fraction and the cell shape

variability. Given these simple metrics, the developmental biologist can easily and accurately place

the division mechanism in question along the wide spectrum of distributions generated by the

many simulated CPMs of Chapter 4. And so we have made CPM inference based on empirical

observations of global topology a reality. For example, suppose that a biologist has a hypothesis for

how cells are dividing in some epithelium. Then he or she can confirm or reject the claim simply by

empirically observing the cell shape distribution and comparing it to simulation; if the distributions

differ significantly, the hypothesized CPM is unlikely.

The purpose of this chapter is to present the results of comparing our simulated CPMs with

shape distribution data from a diverse array of organisms: Drosophila melanogaster (fruitfly larval

wing disc, arthropod), Xenopus laevis (tadpole tail epidermis, vertebrate), and Hydra vulgaris (epi-

dermis, cnidarian). We have also included data from two plants: Cucumis (cucumber epidermis

68
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from the original paper by F.T. Lewis [18, 19]) and Anagallis arvensis (meristem courtesy of J. Dumais

[26]). These natural epithelia show a strongly conserved topological cell shape distribution (Fig.

5.2), with between 42 − 48% hexagons, a mean of 5.92 − 6.00 sides and a standard deviation of

0.83 − 0.98 sides (Fig. 1.1C). The rest of this chapter is organized as follows:

Section 5.1 — Natural epithelia have low variability in cell shape. We compare shape distribu-

tions from natural epithelia to those generated by simulated proliferation patterns in Chapter 4.

The main finding: natural epithelia have almost the highest possible fraction of hexagons and the

nearly the lowest variability. Several conjectures for why this might be true are discussed.

Section 5.2 — Two distinct CPMs generate the shape distribution observed in diverse organisms.

Although the Random|Binomial CPM of Chapter 3’s Markov model was not able to reproduce p∗, a

simple deterministic rule, inspired by the orthogonal regulation seen commonly in plants, is able to.

To a lesser extent, the SmallestNbr|Binomialmatches p∗ as well. Among other things, this raises the

intriguing possibility that multiple division mechanisms may generate the same equilibrium shape

distribution. Also, it is possible that proliferating epithelial cells do not divide at random at all;

their rules only look random because the cellular context – the cell’s immediate local neighborhood

– is always changing.

Section 5.3 — Is orthogonal regulation the true mechanism or just one of many plausible ones?

Examining the research literature insect and plant development, we look for evidence that confirms

or rejects the notion of orthogonal regulation. We find that previous work strongly refutes the

possibility of orthogonal regulation in the Drosophila wing, but strongly supports its role in plants.

Section 5.4 — How do these results impact other non-biological space dividing processes? We

shift gears and examine literature regarding natural non-biological space-dividing lattices. We ex-

plore one example: crack formation and propagation in ceramic glaze.
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Figure 5.1: Comparing simulated shape distributions to natural data. (A) Steady-state shape distributions
for all simulated CPMs (color) and natural epithelia (grayscale). Natural epithelia have lower variance than
all but one simulated CPM (SmallestNbr|EqualSplit). (B) Hexagonal fraction p∗6 vs. mean shape. Higher
hexagonal frequency is correlated with a mean closer to 6 and (C) with lower shape variability as measured
by shape standard deviation. Natural data shown in green.



CHAPTER 5. COMPARISON TO EMPIRICAL DATA 71

                                                        
n 

   

Organism 3 4 5 6 7 8 9
ORTHOGONAL | EQUAL SPLIT   2.36% 26.25% 46.53% 21.03% 3.55% 0.27% 
Drosophila (2,172 cells)   2.95% 27.90% 45.72% 20.12% 3.18% 0.14% 
Xenopus (1,051 cells) 0.19% 3.81% 29.02% 42.91% 18.17% 4.95% 0.76% 
Hydra (602 cells)   2.66% 26.41% 46.18% 20.76% 3.82% 0.17% 
Anagallis (392 cells)   2.81% 26.53% 47.96% 18.88% 3.83% 0.00% 
Cucumber (1,000 cells)   2.00% 25.10% 47.40% 22.40% 3.00% 0.10% 
Cucumber Mitotic cells (Lewis, 1,000) 0.00% 1.60% 25.50% 47.80% 22.40% 2.60% 
 

Figure 5.2: Shape distribution data for several organisms of interest. Modes are shown in red. The
Orthogonal|EqualSplit division rule (simulation) is also shown for comparison. The empirical data all
show very similar distributions of shape, as shown in our earlier work (1). Of all simulated division rules, the
orthogonal regulation rule is the closest match to the empirical data.

5.1 Natural epithelia exhibit relatively low variation in cell shape

To compare simulated CPMs with natural epithelia, we sorted all distributions (simulated and

empirical) by variance. Surprisingly, compared with simulated topologies, natural epithelial dis-

tributions exhibit a mean very close to hexagonal and very low variance (Fig 3A,E,F). Only the

SmallestNbr|EqualSplit CPM had a lower variance (σ = 0.73 sides).

It is unclear why natural epithelia should exhibit such low variance in cell shape. One conjecture

is that if cell size (area) is proportional to cell shape (number of sides), then low variability in cell

shape is consistent with low variability in cell size. To test this hypothesis, we measured the

correlation between a cell’s number of sides (n) and its geometric area in the Drosophila wing disc.

Our results, shown in Fig. 1.1C, show a linear correlation between n and An, the average size of an

n-sided cell. This relationship is also famously known as Lewis’ Law [18, 19]. This suggests that

the low variability in cell shape is consistent with a division-dependent mechanism for minimizing

variability in cell area in the epithelium.

5.2 Two distinct CPMs generate the shape distribution observed

in natural epithelia

Of all division models tested, the Orthogonal|EqualSplitCPM most closely matched the empirical

natural cell shape distribution data (Fig. 5.1, Fig. 4.5B). Surprisingly, this CPM is deterministic: cells

choose cleavage planes based solely on the location of the last sister cell (Fig. 4.2B,D), thus using
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no other information about neighboring cells. The Orthogonal|EqualSplit CPM yields a steady

state mean of µ = 5.98 sides, 46% hexagons, and a standard deviation of σ = 0.84 sides, similar to

Drosophila and Cucumis [18, 20]. Consistent with natural epithelia, Orthogonal|EqualSplit has a

negligible probability of cells with 10 sides or greater (less than 1 in 10,000) and has a nonzero fraction

of 4-sided cells (p4 = 2.4%), close to the empirically observed frequency of 2.95% in Drosophila. This

significantly improves upon the prediction of our Markov chain model [20], where the mean-field

approximation incorrectly yields p4 = 0%.

To a lesser extent, the SmallestNbr|Binomial CPM also matches the empirical data, with 43%

hexagons, a mean of 5.98 sides, a standard deviation of 0.72 sides and 5.3% 4-sided cells (Fig. 5.3,

red) Although this is significantly different from the conserved empirical distribution, it is possible

that a CPM with the same charitability but more symmetric than Binomial and less symmetric

than EqualSplit may generate the expected distribution. We have derived such a CPM through

simulation and it is discussed further in .

5.3 Is orthogonal regulation the true mechanism in these epithe-

lia?

The Orthogonal|EqualSplit CPM was the most successful in predicting the shape distribution of

natural epithelia. However, some major questions remain: Is Orthogonal|EqualSplit the actual

division mechanism observed in these natural epithelia? Or are there are other natural mechanisms

that generate the same shape distribution?

We saw earlier that more than one division mechanism can produce shape distributions similar

to those observed empirically. This raises the possibility that the same conserved distribution may

arise from distinct division strategies in different organisms. To answer this question, we examine

experimental results in literature on cell division in plants and in the developing Drosophila larval

wing disc and we compare these results to the potential CPM models. We find that while the

Orthogonal|EqualSplit CPM is a good model for division in plant cells, it directly conflicts with

evidence from the Drosophila wing disc.
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5.3.1 Cell division in plants

Orthogonal regulation is a common mode of division in plant development [32, 33, 35, 34, 36, 26].

In particular, spindles in plant cells seem to use microtubules to find the longest axis and divide

perpendicular to that axis [34, 35, 33, 18, 26]. Such a geometric procedure corresponds topologically

to Orthogonal|EqualSplit for the following reasons: cells divide into two daughter of roughly

equal size, and division planes along the short axis of a cell naturally lead to successively orthogonal

division planes. To illustrate, consider a rectangular cell with width greater than its height. Division

along the short axis will yield two rectangular cells of height greater than width. Thus the next

cleavage plane will be in the horizontal direction, perpendicular to the parent’s cleavage plane.

In particular, note that the next cleavage plane usually emanates from the newly created cell wall,

consistent with the Orthogonal rule. Thus, the Orthogonal|EqualSplitCPM is a good topological

approximation to the original geometric rule in plants.

5.3.2 Cell division in the Drosophila wing disc

Despite the common basis of cell division between plants and animals [41], the way animal cells

choose cleavage planes is markedly different from plant cells due to the rigidity of cell walls in plants

and organogenesis in animals. Although the Drosophila wing disc has a shape distribution almost

identical to that of the Anagallis meristem and the cucumber epidermis, there is substantial evidence

to suggest that orthogonal regulation is not sufficient to explain the observed data in fruitflies. In

particular, it is known that the orientation of the first cell division is often maintained in subsequent

divisions, with 57% of four-cell clones forming a straight line of one cell width [25, 39]. It has

also been observed that most clones in the wing blade are elongated and grow along the proximal-

distal axis, perpendicular to the dorsal-ventral border [39, 38]. This type of region-specific oriented

division rules out purely orthogonal regulation, where four-cell clones should form 2×2 diamonds.

In addition, orthogonal regulation predicts roughly circular clone shapes since no special direction

is favored; this is in conflict with the clone shapes seen in the wing disc (data not shown).

5.3.3 Are there other CPMs that can generate p∗?

Given the evidence against Orthogonal|EqualSplit in the fruitfly, we look for other CPMs that can

generate p∗. Earlier, we found only one other CPM that comes close: SmallestNbr|Binomial. This

CPM is maximally charitable and moderately symmetric and produces a reasonably good fit with
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about 41% hexagons (Fig. 5.3, red). To produce more hexagons, we need to try a CPM with more

symmetry, like SmallestNbr|EqualSplit. Unfortunately, this CPM is too symmetric, generating

nearly 58% hexagons.

But can a better fit be achieved by trying a charitable CPM that lies somewhere between

SmallestNbr|EqualSplit and SmallestNbr|Binomial? To test this idea, we interpolate between the

two CPMs using a parameter 0 < a < 1 in the following way: each cell executes SmallestNbr|Binomial

with probability a and SmallestNbr|EqualSplitwith probability (1 − a). Thus, a measures the dis-

tance from maximally symmetric to moderately symmetric division. We find that the best fit to the

empirical distribution (Fig. 5.3, dark green) is achieved by a = 0.75 (Fig. 5.3, blue). The best fit CPM

has the following shape distribution:

p∗SMN—BESTMATCH = [3.9%, 26.3%, 45.5%, 18.0%, 4.9%, 1.1%, 0.2%].

This distribution is a good match to p∗ and merits further examination. Indeed, W.T. Gibson has

already begun experiments to test for the possibility of SmallestNbr|∗mechanisms in the Drosophila

wing disc. Preliminary results from those experiments (unpublished data) appear to support this

hypothesis but further work is still needed [private communication with W.T. Gibson].

5.3.4 What geometric division mechanism does SmallestNbr correspond to?

However, it is still unclear how the SmallestNbrmechanism might translate into a physical mech-

anism. One possibility is that for a given cell, the longest edge is adjacent to the smallest neighbor

and thus more likely to be cut by a cleavage plane or exert the most tension [30]. Alternatively,

high charitability might arise indirectly, as a result of globally aligned divisions [25]. Testing these

conjectures will require the development of geometric models, and a more thorough investigation

of the division parameters in the Drosophila wing, which are still poorly understood. Nevertheless,

it is clear that the Orthogonal|EqualSplit CPM may explain proliferation patterns in some plants

but does not explain those observed in the Drosophila wing disc.

By comparing natural and simulated cell shape distributions, we can make several inferences

about proliferating epithelia. First, the observed low variability in cell shape implies that division

strategies are not only highly symmetric, but also moderately charitable: they directly or indirectly

favor adding sides to smaller neighbors. Secondly, although the proliferating epithelia of five

diverse organisms show a highly conserved shape distribution, there are multiple plausible CPMs
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SI Fig. 6. Interpolating between SmallestNeighbor | EqualSplit 
and SmallestNeighbor | Binomial. Each cell executes 
SmallestNeighbor | Binomial with probability a and SmallestNeighbor 
| EqualSplit with probability (1-a). Thus, a measures distance from 
maximally symmetric to moderately symmetric division. Best fit to 
empirical distribution (dark green) is achieved by a=0.75 (blue).
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Figure 5.3: Interpolating between SmallestNbr|∗ CPMs to achieve close match to empirically observed
distribution p∗ (dark green). The best fit is achieved for a = 0.75 (blue). This suggests that there may exist
multiple division mechanisms (or a whole family of CPMs) that generate distributions similar to those seen
empirically.

that can generate this distribution and experimental evidence suggests that indeed plants and

fruitflies do have distinct division mechanisms. This raises the possibility that different organisms

may have evolved distinct mechanisms to suppress shape variability during proliferation. Looking

forward, as proliferation is better understood in other organisms, our topological framework can

provide a background for hypothesis generation and testing as well as a basis for studying pattern

formation in the presence of proliferation.

5.4 How do these results impact other non-biological space divid-

ing processes?

The main question we hope to answer in this section is: Can we apply any of our new insights

about proliferating biological lattices to non-biological lattices? Comparing these two types of lattices

may lead to a deeper understanding of space-dividing processes. Some prominent examples of
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involved cells so that the use of the term charge is justified
(see also [11]).

In the case of a domain bounded by cracks [Fig. 3(b)],
the number of sides is not equal to the number of neigh-
bors. When a crack joins the contour from the outside, it
forms a vertex with a 180 � angle inside the domain (be-
cause the older crack has not been disturbed). These ver-
tices thus do not form wedges in the contour. The marked
crack domain in Fig. 3(b) has four sides, but six neighbors.
The inequality of the numbers of sides and delimiting
edges is thus the direct result of the frozen hierarchy of
the crack pattern.

Since at each crack vertex one of the three angles is
equal to 180 �, the average number of sides hsi should
relate to the average number hni of neighbors by hsi �
2=3hni and thus has to be four. Let us emphasize that the
four sided domains are the consequence of the 180 � angle
and not of the right angle between the newer and the older
crack. The average number of neighbors, however, is still
constrained by Euler to be six (see Fig. 2).

A direct demonstration can be derived from the dynam-
ics of formation of the crack pattern, i.e., from the succes-
sive division of the domains. As illustrated in the sketch in
Fig. 4, a four sided domain can be divided either into two
four sided domains or into a triangle and a pentagon. A
triangle can only be divided into a triangle and a quad-
rangle, while a pentagon can be divided into a quadrangle
and a pentagon, or into a hexagon and a triangle. The crack
presents a new side for each daughter domain ( � 2) and
divides two sides of the mother domain (again �2). The
number of sides of the ‘‘daughter’’ domains sa and sb are
thus related to the number of sides of the ‘‘mother’’ domain
s by

sa � sb � s� 4: (4)

We excluded the situation where the crack ends in a corner
of the mother domain. This nongeneric case is neither
stable under perturbations nor observed in real crack pat-
terns: the stress is minimal in a corner and the propagating
crack will avoid this region. Let us now, in analogy to the
topological charge, introduce a geometrical charge qgeo of

a s-sided cell as

qgeo � 4� s: (5)

Equation (4) can then be written as a conservation law:

qgeo;a � qgeo;b � qgeo; (6)

the sum of the geometrical charges of the daughter cells is
equal to the geometrical charge of the mother cell. This
conservation law justifies the term charge. In the extended
crack pattern, the average number of sides can be written in
terms of the total geometrical charge Qgeo �

P
qgeo;i:

hsi �
1

N

X
si � 4�

Qgeo

N
: (7)

Since the total geometrical charge is conserved during the
successive divisions, it is equal to the geometrical charge
of the initial cell, and thus of the order of one. If the initial
cell is a quadrangle (qgeo � 0), the average number of sides
is strictly four, otherwise it will converge rapidly to four
as 1=N.

The geometrical charges show a particular dynamic,
which is linked to the fact that the daughter cells become
completely independent. Once a pair of charges (a dipole)
is created, it can never annihilate. Both charges will
‘‘propagate’’ (and transform) independently. Figure 5
shows a example of the propagation of qgeo � �1 defect
during the cell divisions. The charge becomes more and
more localized, and, since the number of cells increases in
time, diluted. During the following divisions, other pairs of
charges are created. It is not clear if the statistical distri-
bution of the charges (or the number of sides) is conserved
during the formation process, i.e., if the successive cell
division is self-similar. This lack of self-similarity would
be complementary to the observed scaling of the crack
width [9].

The crack pattern is a model for a hierarchical space
division observed in other systems. We can now examine
briefly two other examples. A detail of the venation pattern
of a plant leaf is shown on Fig. 6(a). The veins form a
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FIG. 4. The possible divisions of a triangle, a quadrangle, and
a pentagon. The numbers indicate the geometrical charges qgeo
of the shapes.
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FIG. 5. The propagation from large scale to small scale of an
qgeo � �1 defect.
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Figure 5.4: Crack formation in ceramic glaze. Cracks form and propagate to divide domains into two or more
subdomains. Note that new cracks always emanate orthogonally from old ones.

non-biological space-dividing processes include crack formation in ceramic glaze and territorial

boundary formation in the United States and France [42]. Here we will briefly consider the former,

leaving the latter to future work.

5.4.1 Crack formation in Ceramic Glaze

When ceramic glaze is heated, it becomes liquid; when it cools, it hardens. As it cools even further,

it contracts, accumulating stress, similar to concrete in the wintertime. Cracks form to relieve this

stress and propagate throughout the material. The analogy with proliferating epithelia is strong:

cracks divide a sheet of glaze into two (or more) domains, and later on new cracks will form to

divide each domain into multiple subdomains, and so on. This process of hierarchical subdivision

is topologically equivalent to cell proliferation, where cells correspond to domains and cleavage

planes correspond to cracks.

However, there are important differences between crack formation and proliferation in epithelia.

Subdomains formed by cracks cannot relax their boundaries and become more convex and rounded

like cells do. Also, cracks are not guaranteed to divide each domain into two subdomains; sometimes

three or more subdomains may result.

Despite their differences, their topological similarities are still close enough to allow insights to

flow from one to the other setting. First, mean of the ceramic shape distribution should still be six

(hexagonal), since this is independent of how domains divide. (Note that by shape distribution we

mean the distribution of neighbors, not sides. The distinction between the two is critical as the mean

number of sides actually approaches four for glazes [42].) Second, we expect a left-skewed shape

distribution with low variability, similar to our biological shape distributions. This is because cracks
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always emanate orthogonally from previously formed cracks, a kind of orthogonal division rule

that we expect should yield low variability in the neighbor distribution. The shape distribution,

courtesy of Steffen Bohn [42], is:

p∗glaze = [ 1.8% 15.3% 23.1% 30.1% 14.4% 11.4% 3.5% 0.4% ]

As predicted, the shape distribution is left-skewed and the shape variability is still small, with no

domains having more than ten sides. However, there are crucial differences. For example, the glaze

has only 30.1% hexagons, significantly less than the 46% seen in the biological sheets. There are

even some 3-sided cells (1.8%) and quite a few 4-sided cells (15.3%), presumably since cracks need

not be straight, unlike cleavage planes.

Together, these observations show that the process of hierarchical subdivision in ceramic glaze

generates topologies that share many features with those seen in living organisms. Topological (and

geometric) models may one day yield further insights into the statistics underlying crack formation

and propagation.



Chapter 6

Comparison to Other Relevant

Models

Proliferating epithelia have long been studied by mathematicians, physicists, and biologists. Partly

for their beauty and partly for their simplicity, epithelia have enjoyed the development of many

models attempting to understand how they proliferate.

In this chapter, we select a few important and relevant models to compare and contrast our own

models against. We hope to synthesize what others have learned and explain what other models

have left unexplained. This chapter is thus organized by model:

Section 6.1 — The model of Dubertret et al [21]. We compare and contrast the assumptions, tech-

niques and results of their models with ours. We find that there are quite a few differences in model

assumptions and predictive power but that both approaches agree on the overall principle that the

cell shape distributions seen in natural epithelia are a result of active regulation and suppression of

variability in cell shape.

Section 6.2 — The model of Farhadifar et al [29]. This recent work develops a physical model of

the Drosophila wing disc that is able to reproduce Lewis’ Law [18, 19]. However, we find that the

assumptions used in the model, especially the cellular freedom to repack and rearrange, yield other

predictions that are inconsistent with empirical observations. For example, their model predicts

that the mode of the shape distribution is pentagonal, though the Drosophila wing disc has a clear

78
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hexagonal mode. A future goal is to combine our topological models with their geometric ones in

the hopes of reproducing both p∗ and Lewis’ Law.

Section 6.3 — Plant models [36, 26]. We briefly cover models of plant cell division. Though plant

cells are fundamentally different from animal cells, we saw in Chapter 5 that their shape distri-

butions are near identical. We show that previous plant models provide evidence for the CPM

Orthogonal|EqualSplit.

Section 6.4 — Insights into the Hexagonal repacking of the pupal stage Drosophila wing [22]. We

explore a later stage of the Drosophila wing disc’s development and ask how our newly developed

insights can illuminate unexplained phenomena there. Intriguingly, the pupal stage wing ceases

dividing and engages in a complex rearrangement of cells (all repacking) that results in a near-

hexagonal lattice, with over 80% hexagons. This chapter compares and contrasts many types of

models and so it is important to understand all the different underlying assumptions and simulation

methodologies. Table 6.1 summarizes the relevant aspects of all examined models.

6.1 The model of Dubertret et al [21]

Dubertret et al. [21] developed a 2D topological models (they call them foams) for the evolution and

steady state of biological tissue. They infer the mode of division from the stationary distribution

of the number of sides per cells (as we did in Chapter 5), by inverting a system of coupled rate

equations. They also consider tissues evolving via cell division and cell disappearance, theoretically

and by topological simulations. Their simulations are able to reproduce the steady state of the

innermost layer of the human epidermis and they conclude that local topological information is

sufficient to explain the evolution and stability of biological tissues.

Of all previous approaches, their work is most similar to our own. But the similarities are at a

high-level and mostly in spirit, as the technical details and underlying assumptions of our models

are quite different. In their topological simulations, a cell is randomly chosen and there is some

shape-dependent probability that it divides and/or disappears. Among other things, this means

that a single cell may divide many times before another cell divides once. Thus, the notion of time is

based on the total number of divisions and disappearances. The choice of Side1 is Random, and the
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choice of Side2 is EqualSplit. Notably, 3-sided cells are allowed to form from divisions. Simulations

begin with a sheet of 10,000 hexagonal cells and may undergo a further 300,000 random neighbor

exchanges (also known as T1 transformations) before divisions begin. Boundary conditions are

periodic.

6.1.1 Is the Dubertret model consistent with empirical evidence from Drosophila

or the plants we examine?

The Dubertret et al. model assumes that a single cell may divide several times before any other cell

divides once, an assumption that seems unsupported in the Drosophila wing disc, where the rate of

division has been observed to be largely uniform [28]. However, there has been some evidence for

a shape-dependent rate of cell division in epithelia. Lewis [18, 19] first observed that mitotic cells

in the cucumber epidermis had an average of seven sides instead of six, indicating that dividing

cells had a greater number of sides. We observed the same “mitotic shift” phenomenon within

the Drosophila wing disc in Chapter 3 (see also Table 5.2). This information has sometimes been

interpreted as evidence for a shape-dependent rate of division, where cells with more sides are

more likely to divide. However, we show here a counterexample: the Orthogonal|EqualSplit

CPM has a uniform shape-independent rate of division and yet generates a mitotic mean of 6.93

sides. The intuition underlying this phenomenon is that cells chosen for division later in the cycle

are more likely to have a greater number of sides simply because their neighbors have already

divided. In fact, this logic holds for all simulated CPMs: the mean shape for mitotic cells was

always significantly greater than six, although the exact value was CPM-dependent, ranging from

6.69 - 6.94 sides. Thus, we have shown that shape-dependent rates of division are not necessary to

reproduce the mitotic shift.

Another major difference between our approach and that of Dubertret et al. is the choice of

CPM. Their geometric model’s closest topological equivalent is a Random|EqualSplit CPM with

shape-dependent proliferation rates, whereas our models allow many different CPMs but with a

uniform rate of proliferation. Their assumptions, however, seem inappropriate in the Drosophila

wing disc where it is known that non-random oriented cleavage divisions play a major role in

organ shape definition [25]. Their mode h model (see Table III in [21]) is able to reproduce a

shape distribution qualitatively similar to that observed naturally in the cucumber epidermis, from

which they conclude that local information is sufficient for cells to make decisions that generate
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naturally observed distributions. However, the mode h model requires using 18 tunable parameters

to specify the shape-dependent division probabilities, making it difficult to extract any mechanistic

understanding. Furthermore, their conclusions are very sensitive to 2 of the 18 parameters: a

perturbation of 0.001 in these parameters causes the entire epithelium to disappear.

Nonetheless, our model and the Dubertret mode h model do agree in overall spirit: they

both suggest that natural shape distributions are generated by local processes that suppress shape

variability in the epithelium, forcing very large and very small cells to either divide or disappear,

thus bringing the epithelium closer to the mean hexagonal shape. Thus, the central principle

underlying both proliferation models is the suppression of variation in cell shape.

Our model also offers several other advantages. We can easily model differential rates of division

if needed, we can lose the notion of rounds if appropriate, and we can query for (and reproduce) the

mitotic cell shape distributions shift without positing cell disappearance. The ability of our model

to predict experimentally observed shape distributions, relative to its simplicity, is the source of its

power.

6.2 The model of Farhadifar et al [29]

One of our main claims in this thesis is that topological models have significant advantages over

mechanical models because they have fewer parameters to specify. To test this, we will devote this

section comparing our model to the mechanical model of Farhadifar et al [29]. Both their model

and ours is concerned with the developing Drosophila wing disc, and so will provide a good basis

for comparison.

Their model was built to try and explain the development of the packing geometry of the

Drosophila wing disc epithelium. They observe that this development of specific packing geometries

is tightly controlled and so they build a biophysical model to understand how physical cellular

properties and proliferation determine cell-packing geometries. They use a vertex model for the

epithelial network in which cell packing geometries correspond to stable and stationary network

configurations (local minima in the energy landscape). The model accounts for cell elasticity and

for junctional forces arising from cortical contractility and adhesion. They numerically simulate

proliferation and compare the resulting topologies and geometries to observed morphologies. They

conclude that epithelial packing geometry is a consequence of both physical cellular properties and

the disordering influence of proliferation.
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There are several assumptions that differ between their models and ours. Their model allows for

cellular repacking (i.e. neighbor exchanges) directed by physical forces trying to minimize tensional

energy in the epithelium. Our model, on the other hand, assumes that there is no repacking,

consistent with marked clone data in the Drosophila wing disc [20]. Their model chooses cleavage

planes uniformly at random from all diameters, an assumption that our topological simulations

suggests is unlikely to be sufficient to produce p∗. They are able to infer parameters that reproduce

Lewis Law (a statistical relation between the number of sides of a cell (n) and the average area of an

n-sided cell). But these same parameters also generate a polygonal shape distribution quite different

from that seen empirically1: the shape distribution has a mode of five (pentagons), whereas the

empirical distribution has a mode of six (hexagons). In our framework, their model lies somewhere

along the spectrum between Random|EqualSplit (mode=6) and Random|Binomial (mode=5). To

achieve a mode of six (hexagons), our models suggest that local cleavage must be either highly

symmetric (e.g. ∗|EqualSplit) and/or highly charitable (e.g. SmallestNbr|∗). See Table 4.7 for all

CPMs that generate modes of 5 and 6. Together, this evidence indicates there are still key unknown

factors that control packing geometry in the Drosophila wing disc. Our next step is to formulate a

geometrical model that reproduces both the topological statistics (the shape distribution p∗) and the

geometrical statistics (Lewis Law) observed empirically in proliferating epithelia.

6.3 Plant models

Plant cells are fundamentally different from animal cells. They have rigid cell walls and possess

chloroplasts useful for extracting energy from photosynthesis. And yet, despite all the differences

between plants and animals, we have already seen that both Anagallis and cucumber epidermis

have p∗ as their shape distributions. In this section, we briefly review previous work and put it into

context with our own.

6.3.1 The model of Prusinkiewicz et al [36]

Prusinkiewicz et al [36] attempt to provide a plausible model of phyllotaxis, a striking phenomenon

unique to plants. They hope to reproduce many aspects of real phyllotaxis by building a simulation

off of a previously proposed conceptual model. They succeed in their goals and, in the process,
1It should be noted that their experimental distribution shows a small but nonzero percentage of 3-sided cells, whereas

our hand counts found none. This may be due to imperfections in their automated image processing algorithm for counting
cell sides.
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implement a simple model of polygonal cell division that represents how plant cells are thought to

divide. Under their model, cleavage planes are chosen as the smallest diameter of a cell, provided

certain restrictions that prevent new junctions from forming too closely to other junctions. This

geometric CPM has a topological equivalent: Orthogonal|EqualSplit. Thus, it may be that plants

do indeed employ orthogonal regulation in their CPMs while animals may use SmallestNbr|∗

CPMs.

6.3.2 The model of Lindenmayer et al [4]

Abbot and Lindenmayer [4] set out to explain the phenomenon of hexagonal dominance in epithelia.

They recognized the difficulty of generating hexagonal arrays under the constraint of contiguous

clones, where cells related by a common ancestor were spatially contiguous. (We observed this in

our observation of the Drosophila wing disc in Chapter 3.) They also deduced that so many hexagons

could only originate by either oriented cell divisions in epithelia with clonal integrity (e.g. plants

and Drosophila wing) or by coordinated migrations in epithelia with mobile cells (e.g. other animals).

Their focus on designing division rules that can generate and maintain purely hexagonal lattices,

thus ignoring the significant numbers of non-hexagonal cells (54%) seen empirically. Nevertheless,

they are able to show that a set of rules (similar to Orthogonal|EqualSplit but more constrained)

can map a purely hexagonal array to another purely hexagonal array upon division. Further work

needs to be done to explore the links between our stochastic CPMs and the deterministic wall

relabeling rules of Abbot and Lindenmayer.

6.4 Insights into the Hexagonal Repacking process in the Pupal

Drosophila wing

During the pupal stage of development for the Drosophila wing disc, a striking phenomenon occurs:

all cells cease dividing and begin a complex process of rearrangement, repacking into an almost

purely hexagonal lattice. Starting with less than 46% hexagons, repacking ends in over 80%

hexagons. Furthermore, cell side lengths equalize and cell interior angles approach 120 degrees.

The wing is driven towards a perfect lattice for an important reason: it must grow hairs in a precisely

spaced array so as to enable the airflow sensing and feedback that is required for flying.

Is such a feat achievable by proliferation alone? Of all CPMs tested, SmallestNbr|EqualSplit
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Aspects of 
Model 

The 
Topological 
simulation 

model Dubertret et al. Faarhadifar et al. 

The 
Markov 
model 

Epithelial 
representations Topological Topological Geometrical/Mechanical 

Topological, 
Markov 

Simulation 
Modes Division only 

Division and/or 
Disappearance 

Division and/or 
Disappearance Division only 

Notion of Time generations 

# of times a cell was 
randomly chosen for 
division generations generations 

Division 
probability all cells divide Shape-dependent all cells divide all cells divide 
Side1 arbitrary Random Random (geometric) unspecified 

Side2 arbitrary EqualSplit 

Cleavage plane is a 
randomly chosen line 
segment that passes 
through the cell 
centroid Binomial 

Initial 
conditions 

1 hexagonal 
cell,  

10,000 hexagonal 
cells with optional 
300,000 random T1 
transformations 
(exchanges) 36 hexagonal cells arbitrary 

Boundary 
conditions N/A periodic periodic N/A 

 
Figure 6.1: A summary of the key differences between the most important models in this thesis.

— the most charitable and the most symmetric — generates the highest fraction of hexagons, nearly

58 %. This falls far short of the achieved fraction after repacking. This strongly suggests that

proliferation should cease and give way to pure rearrangement in order to achieve the precision of

the regular hexagonal lattice during the pupal transformation.

We also made exchange model to test whether, starting with a p∗ lattice, we could end with a

purely hexagonal one. We achieved partial success; one of our exchange models reached nearly 70%

hexagons but could go no further. Indeed, the last 10% may require global gradient information, as

the PCP pathway is suspected to be involved in this complex and massive coordination. Another

possible source of information is the physical tension in the cell’s surface and junctions. Currently,

a complete understanding of this process remains poorly understood.

For convenience, comparisons between the most important models in this thesis are summarized

in Table 6.1.



Chapter 7

Conclusions

7.1 Summary of contributions

In this thesis, I developed a new topological framework for understanding proliferating epithelia,

using empirical observations from several developing organisms as constraints. I showed that the

framework yields new insights into underlying division mechanisms beyond those of previous

approaches. Using this framework, I developed three models of proliferation, each with different

levels of structure imposed on how cells proliferate.

I began with a purely graph-theoretic model, imposing no structure on how cells choose cleavage

planes. I used it to prove several results that held true for all proliferating epithelia. In particular,

we saw that all proliferating epithelia must converge to a hexagonal mean shape at an exponentially

fast rate. We also understood that not all division patterns converge to hexagonal: only isotropic

ones do.

With the second model, I imposed further structure on the proliferation patterns, based on

empirical observations of proliferation in the Drosophila wing disc. I made a Markov approximation

that rendered the model mathematically tractable. This Markov model predicted the existence

of an equilibrium distribution of cell shapes that was subsequently confirmed empirically in the

fruit fly Drosophila melanogaster and in several other organisms. Furthermore, the distribution was

conserved across a diverse array of multicellular organisms. This is the most intriguing observation to

be discovered by this work, and it leaves many open questions: Do all multicellular epithelia have

the same CPM? Or do some divide differently than others and yet still converge to same shape
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distribution? Is there any evolutionary pressure to evolve CPMs that generate p∗? Could highly

charitable and symmetric CPMs have been selected for as useful mechanisms for stress regulation in

a proliferating sheet? Though we have begun their exploration, these questions remain unanswered

and open for future work.

The third model imposed even more structure on how cells proliferate, and allowed for the

generation-by-generation simulation of the entire epithelium. This resulted in a more detailed

characterization of a larger class of biologically relevant proliferation patterns. I compared the

shape distributions generated by simulations to empirical data and to other relevant models in the

literature. In particular, I found two local division patterns that were able to reproduce the cell

shape distributions seen empirically in five diverse organisms. Later, I compared these new insights

with those gleaned from other related work, and found that despite many differences in our models,

there is common agreement on the following: if a division strategy generates p∗, then the CPM must

effectively suppress variability in cell shape. This principle of shape variability suppression will play a

pivotal role in future work in this area.

Lastly, I outlined the theoretical foundations for showing that a large class of local division

schemes will converge to an equilibrium shape distribution, irrespective of initial conditions.

Broadly speaking, I have shown that a topological representation is a natural framework for under-

standing and inferring local properties of division in proliferating epithelia.

7.2 Future Work

New empirical studies regarding charitability. This work has already inspired new experiments

in the Drosophila wing disc. Preliminary evidence from the work of W.T. Gibson (unpublished data)

suggests that division patterns are indeed charitable, favoring cleavage planes that cut their neigh-

bors with fewer sides, as predicted. Further experiments will test for the existence shape-dependent

probabilities of division, and the level of symmetry in dividing wing disc cells. One of the major

goals in this line of inquiry is to develop a biophysical model that reproduces empirically observed

topological (e.g. p∗) and geometrical statistics (e.g. Lewis’ Law).

Generating random natural and irregular epithelia for modeling. An important contribution of

this work that we have not emphasized so far is that we now have a simple algorithm (CPM) for gener-

ating random natural-looking irregular topologies. To date, most work in epithelial modeling assumes
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a perfect regular hexagonal topology, where each cell is surrounded by exactly six neighbors and

there are three “special” spatial directions in the lattice. But the perfect honeycomb assumption

may be too informative, giving in silico cells significantly more global information than their in

vivo counterparts possess. Genetic regulatory networks and reaction-diffusion models on irregular

topologies behave differently because some cells will receive more signals from neighbors than

others. As a result, re-examining classic epithelial models of the segment polarity network [43],

convergent extension [16], and the planar cell polarity network [44] on natural irregular topologies may

reveal new insights into underlying mechanisms. Another exciting possibility is modeling pupal mor-

phogenesis in the Drosophila wing disc, wherein cells in an irregular cobblestone topology engage

in an active process of junction remodeling and tissue polarization resulting in the establishment of

a near-perfect regular hexagonal lattice [22].

A deeper understanding of the dynamics of tumor progression and metastasis. In addition to the

applications mentioned so far, dynamic models of epithelial topology will also be indispensable for

understanding tumor progression and metastasis in epithelial cancers. Perhaps new quantitative

insights from such models will provide helpful clues for accurately predicting tumor metastasis,

which to date has eluded analysis. Another possible application is in the early diagnosis of ep-

ithelial cancers: fast-dividing cells should induce topological distortions that yield measurable

consequences such as a local decrease in mean shape and an accumulation of sides on the boundary

between quiescent cells and the tumor. Such metrics open up the possibility of automated image

analysis for the diagnosis of epithelial cancers. Looking forward, using topological models to better

understand epithelial morphogenesis and disease promises to be an exciting and fruitful endeavor.
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